GAUSS LATTICES AND COMPLEX CONTINUED FRACTIONS

NICOLAS CHEVALLIER

ABSTRACT. Our aim is to construct a complex continued fraction algorithm finding
all the best Diophantine approximations to a complex number. Using the sequence
of minimal vectors in a two-dimensional lattice over the ring of Gaussian integers, we
obtain an algorithm defined on a submanifold of the space of unimodular two-dimensional
Gauss lattices. This submanifold is transverse to the diagonal flow. The correspondence
between the minimal vectors and the best Diophantine approximations ensures that our
algorithm reaches its goal. A byproduct of the algorithm is the best constant for the
complex version of Dirichlet’s theorem about approximations of complex numbers by
quotients of two Gaussian integers.

1. INTRODUCTION

Let us start with a very brief and partial account of the history of complex continued
fractions (see [28], [29] or [30] for detailed historical accounts). Since the pioneering works
[27], [17] and [18] of N. Michelangeli in 1887, Adolf Hurwitz in 1888 and Julius Hurwitz in
1895, complex continued fractions have been considered by many authors during the 20th
century and at the beginning of the 21st century. Adolf Hurwitz considered continued
fractions with partial quotients in a “system” S C C and the work of Julius Hurwitz
used the (1 + 4)Z[i] subring of the ring of Gaussian integers, see also [25]. An important
contribution of Adolf Hurwitz concerned the continued fractions associated with the ring
of Gaussian integers using the nearest Gaussian integer (we refer to it as Adolf Hurwitz
continued fraction). In his 1888 article, Adolf Hurwitz showed the non-trivial fact that
the sequence of moduli of the denominators of such a continued fraction is increasing.
In 1973, R. Lakein [23] studied complex continued fractions associated with the rings
of integers of the quadratic number fields Q[v/—1], Q[v/=3], Q[v/—7] and Q[v/—11] (the
imaginary quadratic fields with Euclidean rings of integers). For instance, he proved that
the convergents associated with the Adolf Hurwitz continued fraction algorithm are best
approximations for all complex numbers not in a countable family of lines and circles. At
about the same time, in 1975, A. Schmidt proposed an algorithm based on the concept
of Farey sets, very different from the A. Hurwitz continued fraction algorithm, see [31].
In 1985, A. Tanaka proposed a complex continued fraction algorithm ([32]) which turned
out to be a new version of the Julius Hurwitz continued fraction algorithm, see [28].
More recently, D. Hensley produced complex numbers, solutions of irreducible quartic
equations over Q[i], with a bounded, not ultimately periodic sequence of “Adolf Hurwitz”
partial quotients, see [14]. In 2014, S. G. Dani and A. Nogueira, [7], proposed a general
approach to complex continued fractions associated with the ring of Gaussian integers.
Their approach has been taken up by other authors. In 2019, H. Ei, S. Ito, H. Nakada
and R. Natsui studied the construction of the natural extension of the Hurwitz complex
continued fraction map, see [10]. Beside they proved a “Legendre’s theorem” for Adolf
Hurwitz continued fractions. Also, in 2018, the PHD thesis of G. G. Robert [30] gave an

almost complete overview of known results and many interesting new results.
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In this work we propose a lattice approach to complex continued fractions associated
with the ring of Gaussian integers. In particular, we address the question of finding all
the best approximations of a complex number.

The lattice approach goes back to C. Hermite ([15]) and G. Voronoi ([33]). In a se-
quence of works, among which [19, 20, 21|, J. C. Lagarias studied the best simultaneous
Diophantine approximations and clearly stated the connections with the shortest vectors
in lattices [19], see also [5].

Our starting point comes from the ordinary real continued fractions. In the space of
dimension two unimodular lattices, SL(2, R)/SL(2, Z), let us consider the subset of lattices
whose two minima with respect to the sup norm are equal. It is known that the first return

¢

% €9t ,t € R, is
a two-fold extension of the natural extension of the Gauss map x — {1/x} (see [6], see also
[11] where another version of the natural extension is given). Observe that the ergodicity
of the diagonal flow implies the ergodicity of the first return map. In the complex case,
we shall use the exact same idea where the space SL(2,R)/SL(2,Z) is replaced by the
space SL(2,C)/SL(2,Z[i]) of unimodular lattices in C?. Like in the real case, we shall
exploit two basic correspondences:

map on this subset induced by the left action of the diagonal flow ¢g; = (

e The correspondence between pairs of consecutive minimal vectors in a lattice and
the intersection of the orbits of the flow g, with the transversal

T = {A € SL(2,C)/SL(2, Z[i]) : M (A) = Ao(A)}

where the minima are associated with the sup norm in C? (see Lemma 26, notice
that \;(A), i = 1,2 are the complex minima of the lattice A, see definition 38 in
the appendix). Actually, we shall use a slightly smaller transversal (see section 6).
e The correspondence between best approximations and minimal vectors (see Propo-
sition 9).
More precisely, for each lattice A over the ring of Gaussian integers in C2, let us consider
the set of minimal vectors in A, i.e., the nonzero vectors u = (uy,u2) € A such that for
any nonzero z = (21, 23) € A,

|21] < |uq| and |2zo| < |us| = |21] = |u1| and |z3| = |us|.

Let us order these minimal vectors according to the moduli of their second coordinate.
It is not difficult to prove that when u = (uy,us) and v = (vy,v,) are two consecutive
minimal vectors in this sequence, then the interior of the cylinder

C(u,v) = {(21, 22) : |21] < max(|usl, |v1]), [22] < max(|us|, [v2])]}

does not contain any nonzero element of A (see Lemma 4). Then, we can find a real
number ¢ such that the action of g; transforms the cylinder C'(u,v) into a cylinder of the
same width and height. For this value ¢, the action of g; on u and v gives two new vectors
u' and v" with sup norms |t/|o = || = A\1(g:A) = Aa(g¢A). Thus, the new lattice g, A is

in the transversal T
1 -0 )
n= (g 7))z,

For a lattice of the shape
the sequence of minimal vectors gives all the best approximation vectors of the complex
number 6, see Proposition 9. Thanks to the aforementioned work of R. Lakein, we know
that the convergents associated with 6 by Adolf Hurwitz’s continued fraction expansion
are best approximations for almost all § € C. Thus, the sequence of convergents of
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Adolf Hurwitz’s continued fraction expansion of 6 is given by a subsequence of the se-
quence of minimal vectors of the lattice Ag. So we can consider the transversal together
with the first return map like a complex continued fraction map in the space of lattices
SL(2,C)/SL(2, Z[i)).

An important difference with the real case is that two consecutive minimal vectors are
no longer necessarily primitive. Our first significant result is

Theorem 1. If u and v are two consecutive minimal vectors of a lattice over the ring
of Gaussian integers A in C%, then the sublattice Zlilu + Z[i]v is of index 1 or 2 in A.
Furthermore, when Z[ilu + Zl[i]v is of index two,

A = (u,v)y et {gu+hv: (g,h) € Z[i]* U J*}
where J = £ Z[i] \ Z][i].

Observe that, in the case of index two, the lattice A is like a centered cubic lattice,
where the index two ideal 27 in Z is replaced by the index two ideal (1 + 4)Z[¢] in Z[i].
Our second result is about the geometry of numbers for two-dimensional lattices over
the ring of Gaussian integers. It is the counterpart in the complex case of the easy result:
If u= (u1,uz) and v = (v1,v7) are two linearly independent vectors in R? then the
interior of the rectangle
R(u,v) = {(w1,22) : [a1] < max(fur], o]}, [z2] < max(fus], o))}
contains no nonzero vector of the lattice Zu + Zv iff u,v and v + v are not in the interior
of R(u,v).

Theorem 2. Let u = (uy,us) and v = (vy,ve) be two vectors in C* such that |uy| > 0,
ut] = |vi], [vz] > 0 and [v2] = |ugl.
(1) Zero is the only element of Z[ilu + ZliJv in the interior of the cylinder

Clu,v) = {(21,22) : |21] < |ual, |22] < |val}

iff gu+ hv ¢ é’(u, v) for all nonzero g, h € Z[i]* with |g| x |h] < V2.
(2) Zero is the only element of (u,v); in the interior of the cylinder C(u,v) iff gu +

hv ¢ CO’(u,v) for all (g, h) € J* with |g| = |h] = \/Li

The proof of this theorem depends only on elementary geometry, but is not as simple as
in the real case. We use a computer to rule out many cases. We shall also give a variant
of this result with strict inequality and a slightly more precise corollary, see section 4.

Next theorem explains how to compute inductively the sequence of minimal vectors of
a lattice over the ring of Gaussian integers in C?. Let us equip C? with the lexicographic
preorder

($17$2) =< (y1,92)
iff |zo| < [ya or 22| = |y2| and |z1| < [y].

Theorem 3 (Continued fraction algorithm). Let v = (uj,us) and v = (vy,v2) be two

consecutive minimal vectors in a unimodular lattice A with |ug| < |ve|. Let wy = oand

Wy = Z—; If wy # 0 then there exists v € A a minimal vector such that v and v' are two
consecutive minimal vectors and

e if detc(u,v) =1, then v’ is any vector that is minimal for the preoder < in the set

E1:{z:—au+gv:a€{1,1+i},g€Z[i], wil—g|<1}.
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Moreover with v’ = v = (u), vhwh) and v = —au + gv = (ujw],vy), we have
a 1
1 wy=g——, wy = ——.
(1) 1= 49 w 27 0" awy
o if detc(u,v) = 141, then v’ is any vector that is minimal for the preoder < in the
set
Ezz{z:—#i(u—l—v)—i—gv:geZ[i], e+ o — 9l < 1}.
Moreover with v = v = (uf, vhw)) and v/ = —au + gv = (vjwy,v}), we have
1
1 1

(2) wizg—m—ma wh = 1 1

99— a2~ am
The set E; in the above theorem has eight elements at most and E, has four elements

at most because there are at most four Gaussian integers g such that |¢ — w| < 1 for a
given complex number w. Therefore, the map

Tg : (wi,wy) — (w), wh)

is easy to compute. This map is the core of the first return map in the transversal,
see Theorem 9. In fact, the minimal vectors ' and v" can be easily computed because
u) = ujwy, vh = ve/w) and as explained before, it is possible to bring the lattice A in the
transversal using the flow g; and the two consecutive minimal vectors v' and v'.

In the first case of Theorem 3, the new consecutive minimal vectors «’, v' have index 1
or 2 (determinant 1 or 1+14) because by Theorem 1 two consecutive minimal vectors have
index 1 or 2. In the second case of Theorem 3, the new consecutive minimal vectors ', v’
have index 1 because u,v have index 2 and it is not possible for two consecutive pairs of
minimal vectors u,v and u' = v,v" to have both index 2, see Proposition 20. It is worth
noticing that the proof of this latter proposition uses Theorem 2.

The map T might have some links with the natural extension of the Adolf Hurwitz
map studied in [10]. Indeed, Tz could be the natural extension of the unknown algorithm
that computes all the best approximations of complex numbers while the map defined by
H. Ei, S. Ito, H. Nakada and R. Natsui is the natural extension of the Hurwitz map which
gives only a subsequence of the sequence of best approximations (see again [23]).

In the first case of Theorem 3 with a = 1, the condition |wi1 — g| < 1 is the condition
considered by Dani and Nogueira to define an approximation sequence, see [7]. In Theorem
3, the second variable controls the choice among the possible Gaussian integers g.

It is not that easy to have an explicit description of the transversal or of the domain
of definition of Ti. However, with a good choice of the parametrization, this domain
becomes a finite union of products of subsets in the complex plane whose boundaries
are arcs of circle, see Figure 3 in subsection 4.3. The domain of definition can be found
thanks to Theorem 2, see section 4 where a description of the domain is given. We also
give the invariant measure of the first return map of the flow g; in the transversal. The
open transversal is parametrized with three parameters 6, w;, wy where 6 € [0,7/2] and
(wy,ws) is in an open set included in D? = {z € C: |z| < 1}

Theorem 4 (Invariant measure). Using the parametrization of the transversal (see section
6), the measure v induced by the Haar measure in SL(2,C)/SL(2,Z[i]) and the flow g,
has the density

32
) =

with respect to the Lebesque measure of [0, 7/2] x D?.
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The constant 32 depends on our choice of the normalization of the Haar measure.
A byproduct of our work is the exact value of the one-dimensional complex Dirichlet
constant. To the best of our knowledge this constant was unknown.

Theorem 5 (Complex Dirichlet constant). For every complex number z and for every
real number QQ > 1, there exist two Gaussian integers p and q such that

{0<\q!<Q,

laz = pl < 3l(2/§ % %’
where 3:(2@ = \/6_173 = 1.115355... . Furthermore the set of complex numbers z for
V2

which the constant o5 can be improved, is of zero Lebesque measure.

In fact, the optimality of the constant is slightly stronger.
Theorem 5 bis. For almost all 0 € C, all C' < 3:(2/5 and all T > 1, there exists Q > T
such that the system

0<lql <@,
lgz —p| < C x &,

has no solution with p, q € Z][i].

The essential ingredient of the proof of these latter theorems is Corollary 19 of Theorem
2 about the geometry of numbers (or the explicit description of the transversal). With
this description we can show that the best Dirichlet constant is bounded above by 3:(2@.

To see that this constant is the best possible constant for almost all 8 € C we use an
additional tool, the ergodicity of the diagonal flow g,.

It should be noticed that the complex version of Hurwitz best constant \/ig is known.
In 1925, Lester Ford [12] proved that for all irrational complex numbers z there exist
infinitely many Gaussian integers p and ¢ # 0 such that |z — §| < \/El\q|2' The constant \/Lg

is the best possible. Ford’s proof did not use continued fractions and in 1975 R. Lakein
gave a new proof of this result using complex continued fractions (see [24]).

The paper is organized as follows. We begin by some preliminaries on lattices over the
ring of Gaussian integers, minimal vectors, the sequence of minimal vectors associated with
a lattice and the relation between minimal vectors and best Diophantine approximations.
Next, we prove the theorem about the index of consecutive minimal vectors. In the
next section, we prove the geometry of numbers’ result, a more explicit version of this
result (see Corollary 19) and an example showing that two linearly independent minimal
vectors can both be successors of the same minimal vector. Thanks to Theorem 2, we
prove that two consecutive pairs of consecutive minimal vectors cannot have both index
2, see Proposition 20.

Next, we define the transversal and a parametrization of the transversal, then we give
explicit formulas for the first return map in the transversal, see Theorem 3 and 9. Then,
we prove Theorem 4 about the density of the measure induced by the flow. Finally,
we prove Dirichlet’s theorem. We finish the paper by two more small sections and an
appendix. In the first of these sections we explain how the Gauss reduction algorithm
of basis in two-dimensional lattices can be used to find two consecutive minimal vectors.
The second section is devoted to a few open questions. The appendix is devoted to some
basic facts about lattices over the ring of Gaussian integers.
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2. PRELIMINARIES

2.1. Notations. We collect the notations that we shall use.

e |z| is the modulus of the complex number z and arg z € [0, 27) its argument.

o o
o If Fis asubset in C, E and E denote its closure and its interior. Although we are

working with complex numbers there should not be any confusion between closure
and conjugate. Most of the time “the bar” will be used for the closure.

D denote the open unit disk in C. D(a,r) denote the closed disk of center a € C
and radius r and D(a, r) the open disk of center a and radius r.

e C(a,r) denote the circle of center a € C and radius 7.

|(21, 22) | = max(|21], |22]) is the sup norm on C? and By (x,r) is the closed ball
of radius 7 and center x in C? associated with the sup norm.

Let a and b be two non-negative real numbers and u = (u1,us) and v = (vy, v2)
be vectors in C2. We define the cylinders

C(a,b) = {(z,y) € C* : |z] < |al, ly| < |b]},
Cu) = C(Jul, [ua]),
C(u,v) = C(max(|ul, [vr]), max([usl, [va])),
Ci(a) = {(21,29) € C* : || < a},
Cy(a) = {(21,22) € C* : || < a}.
When C(u,v) has nonempty interior, C'(u, v) is the unit ball of a norm |.|,,,, defined
on C2. Observe that for any = = (1, z,) € C?,
|z1] |z2] )

max(|u],[v1])? max(fuzl,va]) /*

U, = {z € C: 2" = 1} is the group n-th roots of unity in C.

Dy is the group of isometries acting on C generated by the multiplications by
elements in Uy and by conjugation.

(x1,22) < (y1,y2) iff || < |yo| or |z2| = |y2| and |x1| < |yi] is the lexicographic
preorder on C2.

When A is a subset of C or C?, A* = A \ {0}.

Zi| =Z+4Z, I = (14 14)Z][i] and J = (Z[z] \ ).

For u,v € C?, (u,v), = {gu+hv: (g ,h) € Z[i|* U J?}
We shall use also the following sets

2]y, = max(

C={zeC:|z| <1, argz €0,
D={weC:|z| <1, d(ws,1) > 1, d(ws, 1 — 1) > 1},
T ={weC:|z <1, d(ws, 1) > V2, d(ws, —1) > V2},
F={(1,1),(1,=4),(1,1 =), (1,1 +4), (1 +4,1)}.
S+ b

For 0 € C,

it

>
>



GAUSS LATTICES AND COMPLEX CONTINUED FRACTIONS 7

e When A is a commutative ring with unit 14, SL(2, A) is the set of 2 x 2 matrices
with entries in A and determinant 14.

e \i(A I, C) and Ao(A, |||, C) are the two complex minima of a Gauss lattice A
in C? associated with the norm ||.||, see definition 38.

e The space of unimodular lattices in C?

() = SL(2,C)/ SL(2, Z[i]).

e The transversal T is defined in subsection 6.1 and 7", T, T are defined in sub-
section 6.2.

e The negligible set N is defined in subsection 6.2.

e The parametrizations Wy (6, w;, ws) are defined in Proposition 27 in subsection 8.1.

e The sets W, and W, are defined in subsection 8.3.

e The sets W] and W3, the map T; and the coefficients ag(wq, ws) are defined in
subsection 8.4.

2.2. The set of unimodular Gauss lattices in CZ.

Definition 1. Let F be a finite dimensional C-vector space. A subset A in F is a Gauss
lattice if it is a Z[i]-submodule of E, if it is a discrete subset of E and if it generates the
vector space E.

Let Q5 be the set of Gauss lattices A in C? that admits a basis (u,v) with determinant
in Uy = {+£1, +i}. By definition, A = MZ[i]* where M is the matrix with columns u and
v. Changing u to +u or to +iu, we can assume that M € SL(2,C). Next proposition is
clear.

Proposition 2. The map
M SL(2,Z[i]) € SL(2,C)/SL(2, Z[i]) — MZ[i]* € Q»
1s well defined and is bijective.

Thanks to the proposition, we can identify Q5 and SL(2,C)/SL(2,Z[i]) and use results
from ergodic theory. For ¢ € R, consider the matrices

(et 0
gt = 0 et/

The flow (g¢)ier acts on €y by left multiplication :
g\ = {gr : v € A} = g, MZ[i)* = g, M SL(2, Z[i)).

2.3. Minimal vectors. The notion of minimal vector goes back to Voronoi, see [33].
He used minimal vectors to find units in cubic fields. The Voronoi algorithm has been
generalized by Buchmann to find units in some quartic and quintic fields, see [2, 3]

Definition 3. Let A be a Gauss lattice in C2.

e A nonzero vector u = (u,uz) € A is a minimal vector in A if for every nonzero
velN ve C(u) ={(z1, 22) : |z1] < |ual,|22] < Juz|} = |v1| = |Jur| and |ve| = |ug].

e Two minimal vectors u = (u1,us) and v = (vy, v2) are equivalent if C(u) = C(v).

e Two minimal vectors u = (u1,us) and v = (vy,ve) are consecutive iff |us| < |vg
and there is no minimal vector w = (wy, ws) such |ug| < |wa| < |vg].

Remark 1. Following Buchmann (]2, 3]), we could have define the minimal vectors using
the preoder u < v iff |uy| < |vy| and |ug| < |vg| for w,v be in C2. With this preorder,
the minimal vectors of a Gauss lattice A in C? are the minimal elements in (A \ {0}, <).
Observe that the lexicographic order < is also used by Buchmann in the same papers.
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Remark 2. If u = (uy,uz) and v = (v, v3) are two minimal vectors in a lattice A C C?
and if |vg| > |ug|, then by definition, |u;| > |v1|. Therefore, there exist complex numbers
wy and wy unique such that u = (uy, vows) and v = (uywy, v9). Moreover |wy|, |ws| < 1.

We collect a few easy lemmas about minimal vectors.

Lemma 4. Two minimal vectors u = (uy,uz) and v = (vi,ve) in a Gauss lattice A C C?
are consecutive iff |us| < |va| and the only lattice point in the interior of C(u,v) is zero.

Proof. Let u = (uy,us) and v = (v1, v9) be two minimal vectors with |us| < |va]. If the set

o
C(u,v) N A\ {0} is nonempty, then it is finite and there is a w = (w1, we) minimal in this
set for the lexicographic preorder <. On the one hand, w is minimal in A. On the other
hand, |w;| < |u1| and |we| < |va] and since w is a minimal vector we have |wq| > |usl.
Hence v and v are not consecutive.

Conversely, if u and v are not consecutive there is a minimal vector w with |us| <

o
|ws| < |vg]. Since w is minimal |u;| > |w;], hence w € C(u,v) N A. O
Next lemma is clear.

Lemma 5. Let A be a Gauss lattice in C? and let u be a minimal vector in A.

e All minimal vectors v € A such that u and v are consecutive, are equivalent.
e [fu and v are minimal vectors such that u is equivalent to u', and u and v are
consecutive, then u' and v are consecutive.

Next lemma is useful to construct minimal vector in lattice.

Lemma 6. Let A be a Gauss lattice in C? and let r be a positive real number. Let C be
the infinite cylinder Cy(r) = {(21, 22) : |z1| < r} or its interior.
o The set CNA\{0} is nonempty and admits a minimal element for the lexicographic
order.
o [fu is a minimal element for the lexicographic order in the set C N A\ {0}, then
u 1s minimal in A.

Proof. Since r > 0, by Minkowski convex body theorem C' N A\ {0} is nonempty. Let
Co(p) = {(21,22) : |22] < p}. f v = (vy,v9) isin C N AN\ {0}, then C N AN\ {0} N Co(|ve])
is finite and nonempty and so C' N A\ {0} N Cy(|ve|) must contain a minimal element
u for the lexicographic preorder. This element w is also minimal in C' N A\ {0} for the
lexicographic preorder.

If w= (w,wy) € Clu)yNA\ {0} then w < w and w € C. Since u is minimal for the
lexicographic order we also have u < w which implies |us| = |ws| and |w;| = |v1], hence u
is minimal in A O

2.4. The sequence of minimal vectors. Given a Gauss lattice A in C?, the set of
minimal vectors can be arranged in a sequence (X, (A))ner, = (210, 22.0)ner, Where Iy
is an interval in Z such that the sequence (|23,|)ner, is increasing and each minimal
vector is equivalent to a minimal vector of the sequence. This sequence might be finite,
infinite one sided or two sided. Two minimal vectors are consecutive if and only if they
are equivalent to two consecutive terms of the sequence (X,,(A))ner,. For all n € I,,
let denote 7,(A) = |z1,| and g,(A) = |2z2,,]. The three following results are standard in
the frame work of best Diophantine approximations and continued fractions. The second
inequality of the first item gives an upper bound of the Dirichlet complex constant. The
lemma will not be used in the sequel.



GAUSS LATTICES AND COMPLEX CONTINUED FRACTIONS 9

Lemma 7. Let A be a lattice in C? and let (X,,(A))ner, be the sequence of minimal vectors
of A.
(1) If n and n+ 1 € Iy, then 3| detc(A)| < guy1 (A)rp(A) < 2| detc(A)].
(2) Ifn and n+ 14 € Ix, then gni14(A) > Cqn(A) where C = (1 +cos(3)) > 1.1234
(3) If n and n+ 70 € Ip, then rniro(A) < 5ra(A).

Proof. 1. Making use of Minkowski convex body theorem with the cylinder C'(X,,(A), X,,11(A))
and the lattice A, we obtain that (7wq,1(A)r,(A))? < 16| detg(A)], thus g, 1 (A)r,(A) <

4] detc(A)]. Since the minimal vectors X, (A) = (21,4, 22,,) and Xpi1(A) = (21,041, 22,041)

are linearly independent, | detg (X, (A), X, 11(A))] is a positive integer multiple of | detg(A)].

It follows that | detc (X, (A), Xn11(A))| > | dete(A)| and then

QQn+1(A)Tn(A) > |Zlnz27n+1‘ + ‘Z2nzl,n+1|
> | detc (X, (A), Xnt1(A))] > [dete(A)].

2. This is a standard application of the pigeonhole principle. Given r > 0 and C’ < C,

7 closed disks of radius %7‘ are enough to cover a disk of radius r and 8 open disks of
radius %r are enough to cover a closed disk of radius C’r. The first covering result is very

well known and easy, the second is due to G. Fejes Toth, [9]. It follows that 7 x 8 = 56

translates of the semi-open box By = D(0, 37, (A)) x lq)(O, q.(A)) can cover the box
By = C(rn(A), C'qn(A)) for any C" < C. Now if gp14(A) < Cg,,(A) then all the 4x15 = 60
points of the set Uy{X,,(A),..., Xy114(A)} are in the box By = C(r,(A), C'q,(A)) with
' = %‘j\(;\), so at least two of them are in the same translate of the box B;. It follows
that their difference is in the box 2B; which contradicts that X,,(A) is a minimal vector.
3. We use twice the pigeonhole principle. We can split C in eight angular sector C', ..., Cs
such that if z and 2’ are in the same angular sector then |z —2/| < max(|z|,|2’|). Consider
the 57 minimal vectors X, (A) = (z1n, 22n); - - - s Xnts6(A) = (21,0456, 22.n456). There is a
sector C; that contains at least seven of the z;, say for the j € J. Since r;(A) < r = r,(A)
for j € J and card J > 7, there exists k # j in J such that |z — 21| < %7‘. Therefore,
the vector X = Xj,(A) — X;(A) = (21, 22) is such that |z;| < 37 and |zs] = |20, — 20| <
2max (|2, [225]) < 2¢n456(A). The cylinder C'(X) contains a minimal vector X; which is
one of X,,(A),..., X,i56+14(A) so we are done. O

2.5. Minimal vectors and Diophantine approximations.

Definition 8. Let 6 be a complex number. A pair (p,q) € Z[i] is a best approximation
vector of 6 if |g| > 0 and for all (a,b) € Z[i]?,

{0<\b|<\QI:>|p—q9!<\a—59\ _
0<|b] <lgl=|p—qf| <|a— b

Proposition 9. Let 0 be a complex number and consider the lattice Ay defined by
Ag = <(1) _19) 2 = MyZ i)

Then X = <§) = My (Z) € Ay is a minimal vector with y # 0 iff (p,q) is a best
Diophantine approximation vector of 6.

In the multidimensional real setting, Lagarias proved that a shortest vector of the
lattice g;Ag is associated with a best Diophantine approximation of 6, see [19]. His result
was stated for the Euclidean norm instead of the sup norm. That is why some best
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approximations are not associated with a shortest vector even in the one-dimensional
case.

Proof. Suppose that X = (Z) is a minimal vector with y # 0. If a and b are two

Gaussian integers with 0 < |b] < |y = ¢|, then ¥ = a— b0 ¢ C(X) which implies

la —b0| > |p—qb|. If |b] = |q| and if Y € C(X) then |a — b0| = |p — ¢
Conversely, if (p,q) is a best Diophantine approximation vector of 6, then for any

nonzero (a,b) € Z[i]*, Y = (a —bb€> € C(X) implies

{ ja—b0] < |p—qf]
0] < |q]

If b # 0 this in turn implies |a — 8| = |p — ¢f| and |b| = |q| by definition of best

approximation vectors. If b = 0 and @ # 0 then |a|] > 1 > \/75 > |p — ¢, hence

Y ¢ C(X). 0

3. PROOF OF THEOREM 1, INDEX OF LATTICES SPANNED BY TWO CONSECUTIVE
MINIMAL VECTORS

Let I be the ideal in Z[i] generated by 144, i.e. I = (1+4)Z[i] and let J = ( [i]\1).
Theorem 1 is a consequence of the following proposition.

Proposition 10. Let A be a Gauss lattice in C*. Suppose that u = (ui,us) and v =

(v1,v2) are two linearly independent minimal vectors in A and such that COJ'(U, v)NA = {0}.
Call L the lattice spanned by w and v. Then

(1) Z—lldet]R(A) S |U1|2|U2|2 S %detR(A),
(2) L has index 1 or2: [A: L] = igiim =1 or2.
(3) If L has index 2, then
A = {au+bv : (a,b) € Z[i]* U J*}
and (U =u,V = o5 (u+v)) and (U = 15 (u+v),V’ =) are two bases of A.

When u and v are two consecutwe manimal Uectors, we shall say that [L : A] is the index
of the two consecutive minimal vectors u and v.

Proof. Since u and v are minimal vectors, we can suppose |us| < |vg| and |v1] < |uy]
w.l.o.g.. By Minkowski convex body theorem,

Vol(Cl(u,v)) = 72|ur|*|vg|* < 2% detg(A)] = 2% dete(A)]2.
Now | detc(A)| < |dete(L)| < 2|uq||vg|, hence
Vol(C'(u,v)) < 64| detg (A)|
5 :

| detr(L)] < 4fur[*fvo]* = 4 2

Therefore,
| detg(L)| 64
[detz(A)] ~

Therefore, [A : L] < 6. Since this index is the square of the modulus of a Gaussian integer,
it is the sum of two squares and cannot be 3 or 6.

5 =6.48. ..



GAUSS LATTICES AND COMPLEX CONTINUED FRACTIONS 11

By Theorem 11 about basis in Z[i]-modules, there exist a basis U,V of A and Gaussian
integers a, b and ¢ such that

u=alU
v=>bU + cV.

We have V' = —IE’U + %v. Since w is primitive in A, ¢ must be a unit in Z[i|. By changing
U to a='U, we can suppose a = 1.
Since [A : L] = |c|?, the only possible values for |c|? are 1,2,4 or 5. We have to exclude

the values 4 and 5.

Suppose that |¢| = 2. Again by changing V' to zV where z is a unit, we can suppose
¢ = 2w.l.o.g. There exists a Gaussian integer g such that \g—%] < \/Li Since |cg—b| < V2,
lcg—b| =0,10r 2. Ifcg—b=0then V+gU = %U € A, but this is not possible for v is
primitive. If |cg — b| = 1, consider the vector w =V + gU = Lc_bu + 1y € A. Since u and
v are minimal, either |u;| > |v1] and |ve| > |ug| or |uy| = |vi| and |va| = |ug|. In the first
case, by convexity, w would be in the interior of the cylinder C'(u, v) which is not possible
by assumption. In the second case, the linear independence implies (cg — b)u # v, so that
one of the coordinates of (cg —b)u and of v are not equal, and therefore the corresponding
coordinate of w would be strictly smaller which contradicts the minimality of v and
v. If |cg — b| = V/2, then the inverse z of %) is a Gaussian integer and the vector
w' = zw —u = Zv is in A. But this is impossible for 2| < 1 and v is primitive.

Suppose that |¢| = v/5. There is 8 possible values for ¢. By changing V' to zV where 2
is a unit, or by considering the image of A by the map (z1, 25) — (Z7,%2), we can suppose
that ¢ = 2 —i. We can also suppose that |[b| < \/Li|c| by changing V' to V + gU where g
is a Gaussian integer such that |2 — g| < \/Li So |b] < % Now |b]? is an integer, hence
b]> = 0,1 or 2. The case b = 0 is not possible for v is minimal. If |b| = 1, then |2|+]2| < 1
and V = —2u + Lv would be in the interior of C(u,v).

It remains to consider the cases b =1+1i,1 —i,—1 —i and —1 + 4. Since b = z(1 + 1)
with z € Uy, the vector

, 241 241 , —1+2 2+1
w=V+ziu=—z(141) 5 u+ 3 v+ ziu = 2 F u+ 5V

is in A and in the interior of C'(u,v) for the sum of the moduli of the coefficients of u and
vis < 1. So |¢| = v/5 is not possible and we conclude that |c¢| = 1 or v/2.

If ¢ =1, L=A.

Suppose that |¢| = v/2. We have

u=U
v=>bU+cV
and by changing V' to zV for some z € Uy, we can suppose that ¢ = 1 + 4. There is a

Gaussian integer g such that b = g(1+14) or g(1+¢) + 1. Changing V to V + gU, we can
suppose that b = 0 or 1. Again b # 0 since v is primitive, hence b = 1. Solving in U,V

we obtain
U=u
V =1(-u+w)

Cc

and for all g, h € Z[i]

Cg_hu—l—ﬁ
c

gU + LV = v.
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On the other hand, ¢ € I, hence either c¢g — h and h are both in [ or cg — h and h are
both in Z[i] \ I, which implies that

A= {gU+hV :(g,h) € Z[i]*} C {gu+ hv:(¢,K) € Zli]*uU J*}.

The reverse inclusion also holds because if (¢',h') = %(p, q) with p,q € Z[i] \ I, then
Ju+hv==1p+qU+qV €A O

4. GEOMETRY OF NUMBERS, PROOF OF THEOREM 2

Our aim is to prove Theorem 2. In fact we shall prove the following two theorems,
the first is just a reformulation of Theorem 2 using the norm |.|,, instead of the cylinder
C(u,v). The norm is defined by

[l = max(i s i) for @ = (@1,22) € €

Theorem 6 (Theorem 2a). Let u = (uy, vows) and v = (uywy, vy) be two vectors in C?
with |uql, |va| > 0 and |w|, Jws| < 1.

(1) If |gu + hvly, > 1 for all nonzero g, h € Z[i] with |g| x |h| < v/2, then |z|y. > 1
for all nonzero z € Zlilu + Zli]v.

(2) If |gu + hvlu, > 1 for (g,h) € J* with |g| = |h] = \/Li’ then |z|y, > 1 for all
nonzero z € {u,v) .

The next theorem deals with strict inequality and is useful to determine the open
transversal.

Theorem 7 (Theorem 2b). Let u = (u1,vows) and v = (uywy,vs) be two vectors in C?
with |uy|, |va] > 0 and |wy|, |ws| < 1.

(1) If |gu + hv|y, > 1 for all nonzero g, h € Z[i] with |g| x |h| < V2 then |z|y, > 1
for all nonzero z € (Zlilu + Zli]v) \ Uyu U Uyw.

(2) If |gu + hvly,, > 1 for the four vectors (g, h) = (%ﬂ, 15), a € Uy, then |2|u, > 1

for all nonzero z € (u,v); \ Uyu U Uyv.

The proof of these two theorems are very similar and based on many case distinctions.
The first case distinction is made on the location of w; in the unit disk.

Let C = {z € C: |z| < 1,argz € [0,5]}. The first case distinction is w; € C (the
closure of C) or in iC or in —C or in —iC or in the conjugates of one of these sets. Thanks
to the following subsection about symmetries these eight cases reduce to the single case
w1y € C_ .

The same reduction will also be helpful for computing the Dirichlet constant in the
Theorem 5.

4.1. Symmetries, reduction to the case w; € C. Let denote U,, = {z € C: 2" = 1}
the group n-th roots of unity in C and let denote Dg the group of isometries acting on C
generated by the multiplications by elements in U, and by conjugation.

Proposition 11. Let u = (uy, vows) and v = (uywy, va) be in C%. Assume that |w1 |, |we| <
1 and |uy|,|va] > 0. Let ¢ be in Dg. Consider u' = (u’l,véﬁnp(wg)) and v =
(uyp(wy), vh) where |u}|, |vy| > 0. Then

(1) For all nonzero complex numbers a and b,

|au - bv|u,v = |90(1)90(a)ul - Qp(b)vllw,v"
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(2) When |wy|, |wa| < 1, the vectors u and v are consecutive minimal vectors in Z[iju+
Zlilv (resp. in {u,v) ;) iff ' and v" are consecutive minimal vectors in Z[iju'+Z[i]v’
(resp. in (u',v") ;)

Let us explain how the first assertion in the proposition allows us to reduces the proofs
of Theorems 6 and 7 to the case w; € C. When ¢ € D, the three maps ¢, 1 : z € C —
U(z) = p(1)p(z) and ¢’ : 2 € C = ¢'(2) = f((l’z))Q are isometries and bijection on the ring
of Gaussian integers and on J. Using part 1 of the proposition, we see that, if for some

vectors u, v and a subset F' of R where R = (Z[i] \ {0})? or (Z[i] \ {0})? U J?, one has
Y(g,h) € F,|gu — hv|y, > 1 =¥(g,h) € R* with fg # 0, |gu — hv|y, > 1,
then one has the same implication with «/,v" and
F'={(¥(g), (h)) : (9,h) € F}

instead of F. Since the images of C by the maps ¢ € Dy cover the closed unit disk, we
have only to deal with w; € C.
Before proving the proposition, we need a simple formula.

Lemma 12. For all ¢ € Dg and all z,y € C

1
plry) = —=<e(@)e(y
(@) = Sy e@)e)
Proof. The formula is obvious since the maps ¢ € Dg are of the shape ¢(z) = az or az
with o € U4. O

Proof of the proposition. 1. For all a,b € C and all ¢ € Dg, we have
au — bv = (uy(a — bwy), ve(awy — b))
and using the above lemma, we obtain
p(L)p(a)u’ — pb)v" = (ui (p(1)p(a) — @(b)e(wr)),
th(e(1)pl0) () = o(8)
= (uy(e(1)(a) = @(L)p(bur)), vy(p(aws) — ¢(b)))
= (uyp(L)p(a —bun), vyp(aws — b)).
Therefore,
|au — 0ol = [Y(a)u’ = @(0)V" |-
2. The vector u is minimal iff for all nonzero au — bv € Z[ilu + Zli]v (resp. € (u,v))

lbwy —al <1 |bwy —al =1
lawy — b| < |ws| lawy — b| = |ws|
and v’ is minimal iff for all nonzero p(1)¢(a)u’ — @(b)v" € Zlilu' + Z[i]v" (resp. € (u/,v') )
e(De(bws ~a)] <1 (Db —a)f =1
|p(aws —b)| < | gzee(ws)| |p(aws —b)| = | agzee(ws)]
Therefore u is minimal iff «" is minimal. We see that v is minimal iff v’ is minimal as well.
Furthermore, by Lemma 4, u and v are consecutive iff |au — bv|,, > 1 for all nonzero
au — bv € Zliju + Z[i]v (resp. € (u,v);). The formula |au — bv|,, = |P(a)u’ — @(b)V' |y 1
implies that u and v are consecutive iff ' and v are. O
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4.2. Proof of Theorem 6 and 7 when w; € C. We shall need the following sets
D={z€C:|z| <1,d(z1) >1,d(z,1—1) > 1},
T ={zeC:|z| <1,d(z,1) > V2, d(z,—i) > V2},
F={(1,1),(1,—9),(1,1 —4),(1,14+4),(1 +41)}.

Theorem 6 and 7 are obvious consequences of the following proposition where we assume
wy € C.

Proposition 13. Let u = (uy, vowsy) and v = (ujwy,vs) in C? be such that w, € C and
wil, [wa| <1 (resp. <1) and |u], [va| > 0.

0. If wy = 0 then |gu — hv|y, > 1 for all nonzero Gaussian integers g, h, and |u —
hvly, =1 for at least one h € Uy, and ]%ﬂu — 1%11)] < 1 for at least one b € Uy.

1. Suppose that wy # 0 and that |gu — hv|,, > 1 (resp. > 1) for all (g,h) € F. Then
lgu — hv|y, > 1 (resp. > 1) for all nonzero g, h in Z[i]. If moreover, wy # 1, then
Wo € D.

2. Suppose that wy # 0 and that |gu — hvly, > 1 (resp. > 1) for all (g,h) €
{($5,1%) s a € Us}. Then |gu — hvly, > 1 (resp. > 1) for all nonzero g, h both
in Z[i] or both in J. If moreover, wy # 1 and wy # —1, then wy, € C \ D(—i,v/2)
and wy € T .

The following simple formula will be useful.

Lemma 14 (Distance formula). Let u = (uy, vows) and v = (ujwy,vq) be in C*. Assume
that |wy|, |lwa| < 1 and |uy|, |va| > 0. Then for all nonzero complex numbers a and b,

jat — bvly = max([b] d(wy, §), |a] d(ws, 2)).

Proof. Since |wy|, |we] < 1, for any z = (21, 13) € C?, |2, = max(%, %) Therefore

lau — bvly,, = max(‘u—ll||au1 — buqwy |, ﬁkﬂ)gwg — busl)

= max(|b|Jw; — ], |a|jwy — ).

0

Proof of the proposition. The proof needs only elementary geometry but is rather long,
the strategy works as follows. We assume that w; € C, |we| < 1 and |gu — hv|,, > 1 for
all nonzero (g,h) € F or for all (g,h) € J? with |g| = |h| = \% We want to show that

|gu — hwl,,, > 1 for all nonzero Gauss integers or for all (g, h) € Z[i]* U J>.

(1) We first get rid of the four particular cases w; = 0, wy = 1, we = —i and wy = —L
(2) We show that |gu — hvl,, > 1 for (g,h) = (1,1) and (1,1 —3) implies that wy € D
(3) We SIE)W that [gu — hvl,, > 1 for (g,h) = (335, 135) and (155, 133) implies that
Wy € T

(4) Let a be a positive real number. We show that, if g and h are two nonzero complex

numbers such that |g,|h| > L and, % or % > 1+ a, then |gu — hvl,, > 1.

(5) We show that if |gu — hv|,, > 1 for (g,h) € {(1,1),(3,1), (1,1 —4)}, then |gu —
hvl,,, > 1 for all complex numbers g and h such that |g| and |h| > 3 (Lemma 15).

(6) Thanks to points (4) and (5), we shall see that we are reduced to deal with the

pairs (g, h) with |g|] and |h| < 6. Since g and h are in Z[i] or in J, we are left
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with finitely many pairs (g, k). Then we are able to conclude the proof with a
computer.

1) The four particular cases wy = 0, wy =1 wy = —i and wy = —1.
Case w; = 0. For all nonzero a,b € C,

|CLU - bv|u,v = max(|a|, |a||w2 - b|)

Therefore, |au — bvl,, > 1 for all nonzero a € Z[i]. Furthermore, since the four closed
disks D(b,1), b € Uy, cover the closed disk D(0, 1), we have |1 x u—bv|,, = 1 for at least
one b € Uy, and |1+ﬂu — 1L+z'v|u,v < 1 for at least one b € Uy,.

In the three other cases we don’t have to consider the strict inequalities because |w; |
or lwe| = 1.

Case wy = 1. For all nonzero a,b € C,

lau — bvl,,, = max(|la — b, |a||we — b]).

Therefore, |au — bvl,, > 1 for all a # b both in Z[i] or both in J. If a = b, then
lauw — bvly,, = |al|u — vy, hence |au —avl,,, > 1 for all nonzero a € Z[d] iff |u — v|,, > 1,
and |au — avl,, > 1 for all a € J iff |1+ﬂu - liﬂ.vhw > 1. So the proposition holds when
w, = 1.

Cases wo = o = —1 or —i. For all nonzero a,b € C,
lau — by, = max(|b||w; — |, |ac — b]).

Therefore, |au — bv|,, > 1 for all b # aa both in Z[i] or both in J. If b = aa, then
lau — by, = lal|l X u — avly,, hence |au — aavl|,, > 1 for all nonzero a € Z[i] iff
|1 X u — avl,, > 1 which always holds when a@ = —1 because |1 X u — av|,, = |w; + 1
and w; € C. Likewise, |au — aav|,, > 1 for all a € J iff |1+ﬂu — %ﬂ.vhv > 1. So the
proposition holds when ws = «.

We now suppose that wy # 0, wy # 1, wy # —i and we # —1.

2) By the distance formula (Lemma 14), for all nonzero g and h,
lgu — hvlu,, = max(|h| d(wy, 1), gl d(w2, £))-
Now since w; € C \ {0,1}, we have
1] d(wy, 1) <1 and |1 —d|d(w, =) < 1.
Therefore, if |gu — hv|,, > 1 (resp. > 1) for (g,h) = (1,1) and (1,1 — i), then

1] d(ws, 1) > 1 and |1|d(ws, 1£*) > 1,

(resp. > 1) which in turn implies wy € D (resp. wy € D).
3) Since wy € C \ {0, 1}, we have

1 L
[l d(w, 1= 451) < Tand |5 d(wy, i = 2) < 1.
T+ T+i
Therefore, if |gu — hv|,, > 1 (resp. > 1) for (g,h) = (%ﬂ,%ﬂ) and (g, h) = (%ﬂ,l_—jl),

then
d(wy,1) > V2 and d(w,, —i) > V2
(resp. > v/2) which in turn implies wy € T (resp. wy € T).
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4) Let a be a positive real number. Let g, h be two nonzero complex numbers with

lg], || > L. Since |w;| and |ws| < 1, if Lol o % > 1+ a, then by the distance formula

[nl
(Lemma 14),

lgu = hol., = max(|h] d(wr, ), 9| d(ws, §)
1

d(w,
> max(|h|(f — 1), lgl(gf — 1) > 1.

5)

Lemma 15. Suppose w; € C\ {0,1} and wy € D(0,1). If |gu — hv|,, > 1 for (g,h) €
{(1,1),(3,1), (1,1 —4)} then |gu — hvl|,, > 1 for all complex numbers g and h such that
lg| and |h| > 3.

Proof of Lemma 15. We proceed by contradiction and assume that |gu — hvl,, < 1 for
some complex numbers g and h with [g| and |h| > 3. Set z = £ and 2z’ = . By the

h
distance formula (Lemma 14),

d(wy, z) and d(ws,z) < 3

hence |z|,[2'| < 5. It follows that |z|, || > 2 and then that |wy],|ws] > 2 — 4 = 2.
Also observe that since wy € C, Nz and Iz are > —1 Wthh implies that the inverse 2’
of z is neither in the open disk D(— nor in the open disk D(zi
We divide the proof in two cases:
(1) d(wy,d) > 1,
(2) d(wy,i) < 1.

The first case uses the following intermediate lemma.

275) 272)

Lemma 16. Let w € C be such that Rw, Sw > 0
d(w,1) < 2.

, 3 < |w|l <1, and d(w,i) > 1 then

Proof of the intermediate lemma. We want to show that the function f(z2) = |z — 1]* —

is < 0 when |z| < 1, Rz > 0, Sz > 0 and z is neither in the interiors of D(i, 1) nor in
the interior of D(0, 152) It is easy to see that the maximum of f on this region is reached
at a point which belongs to the circle C' of radius 1 and center 7. The circle C' has polar

equation 7 = 2sin§. Since for z = re¥ € C,
flre®)y =35 +1% —2rcosf = 2 4 4sin® 0 — 2sin 20 = g(6),

it is enough to show that g(6) < 0 for 6 € [arcsin 2, Z]. Now ¢'(6) = 4sin260 — 4 cos 26 is
negative if § < ¢ and non-negative otherwise, hence it is enough to check that g is < 0
at the extremities of the interval. Since

g(Z)=3+1-V3<0,

glarcsin 2) = 2+ (5)? — 424 /1 — (£)? < —0.08

we are done. ]

End of proof of Lemma 15.

Case 1: d(wy,4) > 1. By the above lemma, |z — 1| < [z —wy| + |uwy — 1] < 3+ 3 =1,
hence its inverse 2’ has a real part > 1/2. We also already know that 2z’ is not in the open
disk D(34, 3).
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FIGURE 1. Proof of Lemma 15, case 1

Since w; is in C and w; # 0 , d(wy, 1) < 1. By assumption |u — vl,, > 1, therefore, by
the distance formula (Lemma 14) with @ = 1 and b = 1, we obtain d(ws,1) > 1. Since

wy € C\{0,1} c D(1, \/Li)’ d(wq,1—1) > 1 again by Lemma 14 witha = 1 and b = 1 —1.
Finally 2z’ and w, satisfy the inequalities

1
2 ¢ D(3i,3), R > 3 and d(wq, 1) > 1, d(wp, 1 —1) > 1

contradicting d(2', ws) < 3 because \/75 — 5 > 1 (see Figure 1).

Case 2: d(wy,i) < 1. We already know that |2/| > 2 and that 2’ is neither in the open
disk D(—2, 2) nor in the open disk D(24, 3)

As in case (1), making use of lemma 14 with a = 1 and b = 1 we see that d(ws, 1) > 1.
Since d(wy, 1) < 1 (case(2)), again with a =i and b = 1 we see that d(ws, —i) > 1.

It follows that d(ws, ') > 3 (see Figure 2), a contradiction. O

6) It remains to study the case |g| and |h| < 6. Indeed, if g and h are nonzero complex
numbers such that |g| or |h| > 6, say |g| > 6, and taking into account that g and h are
both Gaussian integers or both in J, we have

e cither, |h| > 1 and

lal
Ih

— or, % <2 and |h| > 3, and item 5. implies |gu — hv|,, > 1.

e or, |h| = \/LE and % > \% > 1+ /2. Now item 4. with a = /2 implies

lgu — holy, > 1.

— either, > 2, and item 4. with a = 1 implies |gu — hv|y, > 1,

Observe that up to now we have only used the hypothesis: w;, € C\ {0,1}, wy, € D(0,1)
and |gu - hv|00 > 1 for (97 h) < {(17 1)7 (Za 1)a (17 1- Z)}
We now use a computer to prove two lemmas.
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2.5

FIGURE 2. Proof of Lemma 15, case 2

Lemma 17 (First set of critical pairs). For all nonzero Gaussian integers g and h with
lg| and |h| < 6, if the pair (g, h) is not in Z[i|G, where

Gy ={(1,—1),(1,1),(1,9), (1, =1), (1,1 4+4), (1,1 —4), (1, =1 +4), (1, =1 — 4),
(1,24), (1,=2i), (1,=2), (1 +14,1), (1 +4,4), (1 44,2 —14),(2,1), (2,1 — 2i),
(2—4,—20), (24,2 — 20)},

then
Al(2,€) or gl d(2,D) > 1.

The set G is called the first set of critical pairs.

Proof using a computer. e Let L; be the set of pairs of nonzero Gaussian integers
with moduli < 6. The set L, is finite with less than (6 + 1+ 6)* = 28501 elements
and can be generated using a simple computer code (we use a Python code).

e One can write two functions that calculate the two distances d(z,C) and d(z,D)
for any complex number z. See Appendix Section 14 where it is explained how to
calculate d(z, D). This calculation can be performed with standard floating point
arithmetic. The distance to C can be calculated the same way.

e Using these two functions one can obtain the set L) of pairs (g, h) € Ly such that

|| d(C, %) <14¢ and |g|d(D,§) <1+g¢,

with £ = 0.001, a numerical safety margin. The set L} certainly contains all the
pairs such that [h[d(C,$) <1 and |g|d(D, %) <1.

e Finally extract from L}, a minimal subset G such that for each pair (a,b) € L}
there exist z € Z[i] and (g, h) € G such that (a,b) = z(g, h). For this step observe
that if (a,b) € L, then there exists a primitive pair (g, h) € Z[i]> which is in the
line C(a, ) and which is also in L} because |au — bv|,, > |gu — bv|yq-

e The pairs added in G} due to the numerical margin are validated using calculation
by hand. This lead to the set G (actually, with the margin ¢ = 0.001, G; = GY).
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Suppose now that (a, b) is a pair of nonzero Gaussian integers such that |/, |g| < 6 and
lau — bv|,,, < 1. There exists a primitive pair (g, h) € Z[i]* such that (a,b) = z(g, h) with
|z| > 1. Since |z| > 1, 1 > |au — bv|y,, > |gu — bv|y,. Therefore (g, h) € L. Since (g, h)
is primitive, on the one hand, one of the pairs a(g, h), @ € Uy must be in G/, and on the
other hand, z € Z[i|. It follows that (a,b) € Z[i|G;. O

Remark 3. Without the safety margin ¢ in the above proof, some pairs may be missing
from the set (G; as the referee pointed out.

Lemma 18 (Second set of critical pairs). For all (g,h) € J* with |g| and |h| < 6, and
(9,h) & Ga = {(15 %ﬂ) ca,b € Uy}, we have

Bl d(£,C\D(—i,V2)) or|g|d(2,T) > 1.

Proof using a computer. e Let Ly be the set of pairs of nonzero elements in J with
moduli < 6. The set Ly is finite with less than (8 + 1 + 8)* = 83521 and can be
generated a using simple computer code (we use a Python code).

e One can write a function that calculates the distance d(z,T) from z to T for any
complex number z. See Appendix Section 14 where it is explained how to calculate
d(z,D). The distance to 7 can be calculated the same way.

e Since C \ D(—i,v/2)) C (—i)T, for each nonzero g, h,

e Using the function d(z, 7"), one can obtain the set Lj of pairs (g, h) € Lg such that

hd(if,T) < 1+¢and [g]d(2,T) <1+¢,
with € = 0.001, a numerical safety margin. We obtain
Ly = {(%ﬂ, 1%2) ca,b € Uyl
O
End of proof of Part 1 in Proposition 13. Recall that we suppose w; # 0,1

and wy # —i,—1. By 2), we already know that w, € D. It remains to prove that, if
lgu — hv|y,, > 1 (resp. > 1) for all (g, h) in

F= {(17 1)7 (17 _i>7 (17 1 - i)? (17 L+ i), (1 +1, 1)}7
then |gu — hvl,, > 1 (resp. > 1) for all nonzero g, h in Z]i].

By Lemma 17, if |gu — hv|,, > 1 (resp. > 1) for all (g, h) € Gy, then |gu — hvl,, > 1
(resp. > 1) for all pairs (g, h) of nonzero Gaussian integers. We prove that we can remove

the pairs in G \ F' and get the same conclusion.
When (g, h) € {(1,1), (1, 1), (1, =1 +4), (1, =1 — 4), (1, 2i), (1, —2)}, we have

|hld(,C) =1,
Yy € C\ {0}, [h]d(Z,wy) > 1.

So by the distance formula, these six pairs can be removed from G; when dealing with
the large inequality or the strict inequality.
When (g,h) € {(1+14,7),(2,1)}, we have

hld(g,0) =1,
Yy € C\ {1}, [hld(£,w;) > 1.

So these two pairs can be removed.
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When (g,h) € {(1,—24),(1 +14,2 —14),(2,1 — 2i),(2+¢,2 — 2i)}, we have

lg|d(%,D) = 1,
Vw, € D\ {—i}, |g|d(§,w2) > 1.

So these four pairs can be removed from G;.
Finally, consider the pair (g,h) = (=2 + ,2i). Since the disk D(£, &) is included in

0]
the disk D(h,, W ) where (¢', ') = (1,1 +14) and since the portion of the disk D( : |g|)

lying in the unit disk is included in the disk D( 2T ‘) the inequality |¢g'u — A/ v[w > 1
(resp. > 1) implies the inequality |gu — hvl,,, > 1 (resp. > 1) which means that we can
remove the pair (—2 + 1, 2i).

It follows that for w; € C\ {0,1} and wy € D(0,1) \ {—i}, if for all (g,h) € F
lgu — hvly, > 1, (resp. > 1) then |gu — hvl,, > 1 (resp. > 1) for all nonzero Gaussian
integers g and h.

End of proof of Part 2 in Proposition 13. By 3), we already know that w, € T. It
remains to prove that if |gu —hvl,, > 1 (resp. > 1) for all (g, ) € {(75, 1%2) ca,b e Uyl
then w; € C\ D(—i,+/2) and |gu — hvl,, > 1 (resp. > 1) for all nonzero g, h both in Z]i]
or both in J '

Since wy € T and since wy # —1, d(wy,4) < /2. Now by assumption, \ﬁu—%ﬂ.vlw >
1, hence d(wy, —i) > +/2 by the distance formula. This means that w, € C \ D(—i, v/2).

Since w; € C \ D(—i,+/2) and wy € T, we can use Lemma 18, we obtain that |gu —
hvl|y, > 1 (resp. > 1) for all g, h both in J.

It remains to see what is happening when g and h are Gaussian integers. Since 7 C D,
using the first set of critical pairs and the Part 1 of the proposition, we see that only
the pairs (g, h) in F must be examined. For each of these pairs, we have |g| d(h T)>1
except for (g, h) = (1,1 + 1), and for this latter pair d(ws, 2 ;) > 1forall w € ’T\ {i}, so
we are done. 0

4.3. Constraints on the pairs (w;, w;) when w; € C. Let’s remember the sets we need

C={z€C:|z| <1, argz €[0,%]},
D={ze€C:|z| <1,d(z1)>1,d(z1—1) > 1},
T={zeC:|z| <1,d(z1) > V2, d(z,—i) > V2},
F={(1,1),(1,=%),(1,1 =), (1,1 +4),(1 +4,1)}.
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d(wi,7) > “—1L| or d(wmlg—l) >

FIGURE 3. The constraints on consecutive minimal vectors.

Consider the following pairs of open disks in C
Blue; = D(42, %), Blues =D(1 +1i,1)
Redy =D(i, 1), Redy =D(—1,1)

Green; = D(1+1i,1), Green, = D(, \/Li)
Corollary 19. Let u = (u1, vows) and v = (ujwy, va) be two vectors in C* with |uq|, |va| >
0, |wql, |Jwa| <1, and wy € C\ {0}.

e No nonzero vector in Zlilu + Z[ilv are in C(u,v) iff wy € D and one of the four
conditions
(1) wy € Greeny and wy ¢ Red; U Greeny,
(2) we € Redy \ Greeny and wy ¢ Redy,
(3) we ¢ Redy U Blue,,
(4) we € Bluey and wy ¢ Bluey,
holds.

e No nonzero vector in {(u,v); are in é’(u,v) iff (wi,wy) € (C\D(—i,v/2)) x T.

Remark 4. We do not consider the particular cases wy; = 0 or |w;| = 1 because we will not
use them in the sequel. But clearly, it is not difficult to find the constraints on (wy, wy) in
these cases using Proposition 13. In fact, when w; = 0 then (Z[iJu+Z[i]v)NC(u,v) = {0}
whatever the value of wy € D, and (u,v); N C(u,v) # {0} whatever the value of wy € D.

Proof. By Proposition 13, no nonzero vector in Z[i|u + Z|i]v are in C(u,v) iff for all (g, h)
in

F={(1,1),(1,—4), (1,1 — ), (1,1 +14), (1 +4,1)},
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lgu — hvl,,, > 1. By the distance formula (Lemma 14), it means that for all (g,h) € F,

d<w17 %) > ﬁ or d(w2> %) > Tl

Taking (g,h) = (1,1) and (g,h) = (1,1 — i), we obtain that wy ¢ D(1,1) and we ¢
D(1 —4,1) which implies w, € D.

Taking (g, h) = (1, —1), we obtain w; ¢ D(i,1) = Red; or wy ¢ D(—i,1) = Reds.

Taking (g,h) = (1,14 i), we obtain w; ¢ ]D((l;), %) = Bluey or wy ¢ D(i +1i,1) =
Blues,.

Taking (g,h) = (1 +14,1), we obtain w; ¢ D(1 +4,1) = Greeny or wy ¢ ]D)(l—\;g, \/Li) =
Greens.

Taking into account the positions of the disks Reds, Blues and Greens in D, we obtain
that |gu — hvl,, > 1 for all (g,h) € F iff one of the conditions (1) or (2) or (3) or (4)
holds. .

Again by Proposition 13, no nonzero vector in (u,v); are in C(u,v) iff it is true for
all (g,h) € {(t3, 153) (153> 7o3)}- The distance formula shows that it is equivalent to

(wl,wg) € (C \ D(—Z, \/5)) X 7_— O

4.4. An example of a lattice with linearly independent equivalent minimal
vectors. We give an example of two vectors u and v such that

e u and v are consecutive minimal vectors of A = Z[ilu + Z[i]v,
e u— (1 —i)v is a minimal vector equivalent to v,
e (1+1i)u— v is a minimal vector equivalent to u.

Let s € (3m, 3m), t € (3m,m), wy = 1+i+e*, wy =1—i+e" u=r(lew) and

v = r(wy,e®) where r > 0 and o € R are such that
dete(u,v) = r2e(1 — wywy) = 1.

Consider the lattice A = Z[ilu + Z[iJv. We have w; € C N 9dGreen; \ Red; and wy €
DN C(1—14,1), so that thanks to Corollary 19,

o

C(u,v) N A = {0}.

However, since w; € 0Green; and wy € C(1—14,1), dC(u, v) contains not only the subsets
U,u and Uyv of A, but also the subsets of A

Us((1 4 d)u —v) and Uy(u — (1 —i)v).
By Lemma 17 about the first set of critical pairs, the only others (g, h) such that |gu —
hvly, = 1 are in UyG;. Furthermore, since wy # 0,1 and wy # —1, —i, we see as in the

end of the proof of Proposition 13 part 1, that if (g, h) € Uy(G1\ F), then |gu—hv|,, > 1.
By checking the values of |gu — hvl,, for the pairs (g,h) € F, we see that

0C(u,v) N A =Usu U Uy UU((1 4+ 1)u —v) UUg(u — (1 —i)v).
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Now

1—(1—i)(1+i+e*),e*(1—i+e" —(1—1)))

-1 — (1 _ i)eis,eiaeit)

I
<

and one check that

|z1|* = 3+ 2(cos s + sin s) = |wy|* and |z»| = 1

ly1]* = 1 and |yz] = 3 + 2(cost — sint) = |wy|

Hence v and u — (1 — i)v are two equivalent minimal vectors and u and (1 + i)u — v as
well.

5. NO CONSECUTIVE PAIRS OF INDEX 2

In Proposition 10 we have seen that two consecutive minimal vectors have index one
or two. We show now that the case of index two cannot occur twice consecutively.

Proposition 20. Suppose that u = (uy,vaws) and v = (ujwy,vy) are two consecutive
minimal vectors of index 2 in a lattice A in C*. Let w be a minimal vector such that v
and w are two consecutive minimal vectors. Then Zlilv + Z[ijlw = A.

Remark 5. In fact, with the assumptions of the proposition, it is possible to prove that
Zlilu + Z[ilw = A also holds. The proof of this latter fact goes as the proof of the
proposition but is slightly more difficult. We shall not do it.

The proof of the proposition uses two lemmas. The first lemma is well known and its
proof is a straightforward calculation we omit.

Lemma 21. Let w and z be two complex numbers and let k < 1 be a nonnegative real
number. Then

=@ ST
z k||
1—W)_1—W'

|z —w| < klw] < d(w,

|z — w| = k|lw| & d(w,

Lemma 22. Suppose that u = (uy, vows) and v = (ujwy, ve) are two consecutive minimal
vectors of index 2 in a lattice A. Suppose that w is a minimal vector such that v and
w are two consecutive minimal vectors and such that v and w has index 2 in A. Then
w = a(l+i)v+au where a and o are Gaussian integers such that 0 < |a| < 2 and |a| = 1.
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Proof By Proposition 10, (U = 5(u+v),V = v) is a basis of A and (V = v, W =
h — (v +w)) as well. Therefore,
=-V+1+)U
v="V
w=-V+1+i)W
W =bV —alU

where b € Z[i] and o € Uy because the determinant of the matrix of the coordinates of
the vectors V and W in the basis (U, V) is a unit of Z[i]. It follows that

w=—v+ (14)(bv — ag;(u+v))
=(-1l—a+(1+)bv—au
=a(l+i)v—au
where a € Z[i] because —1 — o € (1 +4)Z[i]. In coordinates this gives
w = (ur(a(l +wr = a), vy(a(l +1i) — aws))

and since w follows v,
la(1 4+ i)wy — af < |wy].
Therefore, |w;| > |a(1 +)||w;| — |a]. Making use of Corollary 19 and of Proposition 11,

we see that w; is in ¢(C \D(—' v/2)) for some <p € ]D)g, hence |w;| > */\‘5’[_1 The last two

inequalities imply that |a| < 75 ‘(1 + |w1‘) f + f - < V5. Tt follows that |a| < 2.
Finally, a cannot be 0 because w and u are not proportional. 0

Proof of the proposition. We proceed by contradiction and suppose that Z[i]v 4 Z[i]w has
index two. By the above lemma, we have w = (1 +1i)av — au where a and « are Gaussian
integers with |a] =1 and 0 < |a| < 2. We have

w = (u1((1 +i)aw; — a),va((1 4+ i)a — aws)).

Since the minimal vector w follows v, we have |(1 + ¢)aw; — | < |wy| which is equivalent
to

lwy — z|* < |z |wy |?

where 2 = ¢+ 1d = With the above lemma, we see that the latter inequality is

(1+i)a"
equivalent to
z 2
d(w < .
TR ST
Given (8 € Uy, consider the complex numbers x = —1—+Z +(1+i)a and y = —1—+Z + «a; they

are both in J. So that by Proposition 10, the vector
w' = w— v+ yu = 5 (v — fu) = (wy, wp)

is in A. If we can choose (8 so that
{ [wi| < |ugw|
o <

with one strict inequality at least, it contradicts that v and w are two consecutive minimal
vectors. The strategy is now to prove that either we can choose § or that the inequality
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Using the symmetries and Proposition 11 as in section 4, we can suppose that w; € C.
By Corollary 19,

wy € C\D(—i,v2) and wy, € D\ (D(1,v2) UD(—i,v2)).

With t = % = %, the above inequalities about w} and w), are equivalent to
slwr = Bl < fuwi
\/L§|w2 =Bl <t —wy| -

A short calculation shows that the latter inequalities are equivalent to

{ ]w1+5|222 -
lw — (2t = B)|* > 2|t — I

Since w;, € C \ D(—4,/2), the first inequality holds when 8 = 1 or i.

Suppose first that |a| = 1. We have [t|> = 2 hence t = +1 + 1.

If t =1+4, choose 5 =1. We have t — 3 = i and 2t — 5 = 1 + 2i, hence the second
inequality is equivalent to |wy — (1+2i)|> > 2 which holds because Rw, < 0 and Sw, < 1.

If t =1—14, choose B =1. We have t — f = —i and 2t — 3 = 1 — 2i, hence the second
inequality is equivalent to |wy — (1 — 2¢)|> > 2 which holds because Swq > 0.

If t=—1+14, then z = —%. Therefore, d(w, 1f|‘z‘2)2 > (IJ’TSQ)Q = 1 a contradiction.
Ift=—-1—1, then 2z = _2“. Therefore, d(wy, I—Tz|2)2 > (1_|T§2)2 = 1 a contradiction.

Suppose that |a| = /2. We have |t| = 2, hence t = 42 or £2i. Therefore, T =

22, and the information w; € C\ D(—i,V/2) implies that if ¢ = 2i or —2 or —2i then
2 4
d(wy, 32)* > —(1_||l‘2)2 =1 . .
If t =2, choose § =1. We have t — =1 and 2t — 8 = 3, hence the second inequality
becomes |wy — 3|* > 2 which holds because Rw, < 0.
Suppose that |a| = 2. We have |t| = 2v/2 hence t = £2(1 +4) or £2i(1 + ). Therefore,

¢ > = 22, and the information w;, € C\ D(—i, v/2) implies that if t = 2(144) or —2(1+4)

I=[z2
or —2i(1 +4) then d(wy, £2)? > % =5

Ift =2(1—1), choose 5 = 1. We have t—f = 1—2i and 2¢t— 3 = 3—44, hence the second
inequality becomes |wy — (3 — 44)|? > 2 x 5 which holds because |R(wy — (3 — 4i))| > 2
and |S(we — (3 —4i))| > 3. O

6. DEFINITIONS AND PARAMETRIZATION OF THE TRANSVERSALS

6.1. The open transversal. Let Uy be the group of units in Z[i]. The open transversal
T is the set of Gauss lattices A in C? such that det¢c A € Uy and such that there exist two
vectors u = (u1,ug) and v = (vy,v9) in A such that

(1) ua|, [o1] <fwa] = |vo] =,

(2) the only nonzero vectors of A in the ball B, (0,r) are in Uyu U Uyv.
Observe that the two vectors u and v are minimal vectors in A and that by Lemma 4,
they are consecutive. The vectors u and v are the vectors associated with A. They are
unique up to a multiplicative factor in Uy:

Lemma 23. Let A be a lattice in the open transversal T and let u,v be two vectors in A
satisfying (1) and (2) in the above definition. If v’ and v' are two vectors in A such that
(1) and (2) hold then v’ € Uyu and v" € Uyv.
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Proof. Set r = |u|so and 1" = |t//|. The balls B (0,7) and B, (0, ") are nested, therefore
by (2) they are equal. So that by (1), |u}| = |u1| = |v}| = |ve|. Hence v’ and v’ € B (0, 7).
Again by (2), this imply that u’ € Usu and v € Uyv. O

6.2. The full transversal. The full transversal T' is the set of Gauss lattices A in C?
such that detc A € U, and such that there exist two minimal vectors v = (u,us) and
v = (v1,v2) in A such that

(1) Jusl, [v1] < |us] = [va] =7,

(27) the only nonzero vector of A in the open ball B, (0,7) is 0.

Clearly
T cT c{AeSL(2,C)/SL(2,Z[i]) : M(A, ]|, C) = Xa(A, |.]0, C) }.

The vectors u and v are the vectors associated with A. They are no longer unique up
to a multiplicative factor in Uy, see the example subsection 4.4. By Lemma 4, they are
consecutive.

By Proposition 10, the lattice L = Z[iJu + Z[i]v has index 1 or 2 in A. Therefore, the
transversal 7' (resp. T") is the union of two pieces T} and 15 (resp. 1] and T3) according
to the index of L. The above lemma implies that 77 and 75 are disjoint but as the example
in the Subsection 4.4 shows,

T, NTy #0.
However, T] N'T} is a small set. It is a consequence of the following Lemma.

Let A be the set of unimodular lattices A C C? such that either there exists a nonzero
vector (ug,us) € A with ujus = 0 or there exist two linearly independent vectors u =
(u1,uz) and v = (vy,v2) in A such that |ui| = |vi| or |ug| = |vel.

Lemma 24. The following properties hold
(1) N contains the set

{A € SL(2,C)/SL(2, Z[i]) : Mi(A, |-, ©) = Aa(A, |.]oc, ©)}\ T

(2) N is stable under the action of the flow g;, t € R.
(3) N has zero Haar measure.

Remark 6. T'\T C N.

Proof. 1. Let A be a unimodular lattice not in the open transersal 7" such that A; (A, |.|s, C)
Aa(A, ||, C) = 7. The equality of the two minima implies that there exist two linearly in-
dependent vectors u = (uy,ug) and v = (v1, v2) such that |u|e = |v|ee = 7 and |ug| > |vy].
If A were not in /', we would have r > |uq| > |v1] and therefore, r = |vy|. Since |va| # |ual,
we would have |va| > |ug|. Since A is not in 7', this implies that there exists a nonzero vec-
tor w = (wy, wy) € ANBy(0,7) and not in UgsuUUyw. Then we have either |wy| = r = |uy]
or |wy] =7 = |vy|, a contradiction.

2. Clear.

3. Let M be the set of matrices M € M,(C) such that either there exists X € Z[i]* such
that the product of the coordinates of M X is zero, or there are two linearly independent
vectors X and Y in Z[i] such that either the moduli of the first coordinates of M X and
MY are equal, or the moduli of the second coordinates of MX and MY are equal. It
suffices to prove that M has zero Lebesgue measure. By definition, the set M is the
union of two sets M; and Ms. The first set is a countable union of hyperplanes in M,(C)
and thus is of zero Lebesgue measure. Let us deal now with M.
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Since Z[i] is countable, considering each row of the matrix M, we are reduced to prove
that given two linearly independent vectors z = (x1,x9) and y = (y1,v2) € C?, the set of
(a,b) € C? such that P(a,b) = |azx; + bxs|* — |ay; + byz|*> = 0, is of zero Lebesgue measure
in C2.

Now P can be considered as a real polynomial of four variable. Since P(ys, —y1) =
| detc(z, y)|* # 0, the polynomial P is not zero and the set of (a,b) such that P(a,b) =0
has measure zero. 0

6.3. Properties of the open transversal.

Lemma 25. The open transversal T is a real submanifold of SL(2,C)/SL(2, Z[i]).
Furthermore, The flow (g;)ier 1s transverse to T'.

Proof. Let Ag be in T and let uy and vy be the two vectors associated with Ay by the
definition of T'. By Proposition 10, either (ug,vg) form a basis of Ay and we can suppose
det(ug,v9) = 1 w.l.o.g. (case of index 1) or Uy = uy and Vy = 1+l(uo + vp) form a basis
of Ay and we can suppose det(ug, vy) = (1 +¢) w.l.o.g. (case of index 2). We can find a
small enough positive real number € such that for any (u,v) in the open set

W = Bez(ug, ) X Bez(vg, €),

e the matrix M = M (u,v) the columns of which are u = (u,us) and v = (v1,vg),
is in GL(2,C) and the sets WP, P € SL(2,Z[i]) are disjoint,

e the vectors in Uyu and Uyv are the only nonzero vectors of the lattice A = MZ][i]?
in the cylinder C(u,v) in the index 1 case, or of the lattice Z[iJu + Z[i] %= (u + v)
in the index 2 case,

o |uy| > |ug| and |vq| < |vg],

o for all M € W, |det M — det(uo, vo)| < 15

Consider the map

¢:W = CxR
det M
M = (,0) = (61(M) = T () = — [uaf).

In the index 1 case, a lattice A = MZ[] with M € W, isin T iff (M) = (1,0). In index
2 case, a lattice A = Zlilu + Z[i] 15 (u + v) is in T iff ¢(M) = (1,0). Hence to prove
that 7" is a submanifold, it is enough to show that the differential D¢p(M) is onto at every
point M in W. The dlfferentlal of ¢ is C-linear and is given by

Doy (M).(z,y) =

where x = (z1,25) and y = (y1,y2). The differential of ¢ is given by

1+

m(vzwl + U1ys — V1T2 — UgYy)

D¢2(M)(x,y) = U1 + U1 — U2g2 — ﬁng.

Call vy the C-linear map defined by v (z,y) = @121 —Vay2. On the one hand, Dpy(M) =
Y + u- On the other hand, 7y, and D¢o(M) are C-linearly independent because
|va]? + |uy|?> # 0. Therefore, the three R-linear maps vy, RD¢p1(M) and IDg, (M)
are R-linearly independent. It follows that D¢(M) is onto which implies that 7" is a
submanifold of €25.

To show that the flow is transverse to T', we have to check that for any matrix M =
M (u,v) in W such that ¢(M) = (1,0), we have
Do(M).((ur, —ug), (v1, —va)) # 0. Now, Deo(M).((u1, —uz), (v, —v2)) = 2Jwa|* + 2[va?,
hence D(M).((uq, —uz), (v1, —v2)) is not zero. O
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7. FIRST RETURN MAP, PROOF OF THEOREM 3

Lemma 26. Let A be a unimodular lattice that is in the full transversal T and let u =
(u1,u9) and v = (v1,vy) be two consecutive minimal vectors associated with A. Let t =
inf{s > 0:gs(A) € T"}. Thent < +oo if and only if vi # 0. Moreover, in the latter case,
there exists a minimal vector z = (21, z2) such that v and z are two consecutive minimal
vectors and such that

1|z

t=—1In—.
2 v

Consequently the first return map applied to A is g;A.

Proof. If v; # 0, then by Lemma 6, a minimal element z = (z1,23) € A for the lex-
icographic preoder < in the infinite vertical cylinder C(]v1|) is a minimal vector. By

definition v and z are consecutive. So, by Lemma 4, C(v,z) N A\ {0} = (), hence

Cgrv, ¢rz) N ge(A\ {0}) = 0, thus gA is in 7" when ¢ = {In % Let 0 < s < t.
We want to show that g,A ¢ T".

o If ry = e %|ug| <1y = €°|vy], since r; = e|vy| < ef|v1| = etz < e7¥|z2|, we have
Boo(0,71 = |gsv|se) C C(gsv, gsz). Now, there is no vector in gs(A \ {0}) of the
shape (z1, z2) with |x;| < 7 and |zo| = r1 < €7%|22] because such vector would be

in C(gsv, gsz) = gs—+C(gv, g1z). Therefore, g;A is not in the full transversal T".

o If ro = e ®lug| > 11 = e®|vy, since 1y = e ®|vg] = e *|luy| < e®|uy|, we have
Boo(0,79 = |gsv|00) C C(gsu, gsv) and there is no vector in g5(A\ {0}) of the shape
(x1,m9) with |x1| = ro < e®|uq| and |xs| < ry. Therefore, gsA is not in the full
transversal 7".

OJ

Let u = (uy, vows) and v = (ujws, v2) be the two consecutive minimal vectors associated
with a lattice A that is in the full transversal 7”. By the above lemma, the computation
of the first return map is reduced to the computation of the minimal vector v" € A such
that v and v’ are two consecutive minimal vectors. This is the purpose of Theorem 3 that
we recall below. To perform this calculation, we must take into account the component
of the transversal which contains A.

Recall that the lexicographic preoder on C? is defined by

(71, 22) < (Y1, ¥2)

iff |zo| < |y2| or |x2| = |yo| and |x1| < |y1]. We recall the statement of Theorem 3 for the
convenience of the reader.

Theorem 3. Let u = (uj,vows) and v = (ujwy,v9) be the two minimal consecutive
vectors associated with a lattice A that is in the full transversal T'. If wy # 0 then there
exists v € A a minimal vector such that v and v’ are two consecutive minimal vectors
and

e if detc(u,v) = 1, then v' is any vectors that is minimal for the preoder < in the
set

{z:—au—l—gv:ae{1,1+z’},g€Z[i], wil—g|<1}.
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Moreover with v = v = (u},vhw}) and v' = —au + gv = (vjw], v}) we have
a 1
(3) wll =9— w/2 = :
wy g — aws

o if detc(u,v) = 1 +1, then v' is any vectors that is minimal in the set

o=t o) +gv: 0 € 2], | + oy — 91 <1}

Moreover with v = v = (u},vhw}) and v' = —au + gv = (vjw], v)) we have
1
(4) wi:g_ﬁ—ﬁ, w/2: 1 1 -
(e (4 9= a2~ a1

Proof. If wy # 0 then v; = u;w; # 0 and by Minkowski convex body theorem, the cylinder

Ci(Jv1|) = {(x,y) € C?: |z| < |v1|} contains at least one nonzero vector of A. By Lemma
6, a vector of A in this cylinder which is minimal for the preorder < is a minimal vector
v that follows v.

Case 1: detc(u,v) = 1. Let L = ZliJv + Z[i]Jv' be the lattice generated by v and v’
Since L has index 1 or 2 in A, the determinant of v and v’ in the basis u, v is a unit of
Z[i] or (1 +14) times a unit. This implies that v" = —au + gv with g € Z[i] and a € Uy or

a € (1+44)Uy. We can suppose that a € {1,1+ i} w.lL.o.g.. The condition v' € C;(|v]) is
equivalent to,

lau; — guywy| < |ugw |
which in turn is equivalent to

a
|— —gl <1
w1

By definition ¢’ is minimal for the preorder < among the vectors —au + gv such that the
latter inequality holds. An easy calculation leads to the formula for w} and wj.
Case 2: detc(u,v) = 1+ 4. By Proposition 20, Z[i]Jv 4+ Z[i]v" has index one in A and

by Proposition 10, %ﬂ(u +v), v is a basis of A, therefore, 2’ is of the shape

v = aﬁ(ujtv) + gv
with g € Z[i] and a € U;. We can suppose that a = —1 w.l.o.g. As before, we have
|1+rz(u1 + ugwr) — guaw| < |ugws,

which is equivalent to
|1 1

Atiywr © (+) gl <L

We conclude as in the first case. O

8. PARAMETRIZATION OF THE OPEN TRANSVERSAL AND THE FIRST RETURN MAP

We first give a parametrization of the open transversal with coordinates (6,w;,ws) €
R x D?. Then, we want to describe the open transversal with the (6, w;, w,) coordinates.
To do this, we first write the symmetries of the transversal with these coordinates. Fi-
nally, we give some explicit formulas for the first return map in terms of the coordinates
(Q, w1, wg) .
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8.1. Parametrization of the open transversal T'.
Proposition 27. Let ¥, : R x D? — Qy, k = 1,2 be the maps defined by
Uy (0, w1, we) = Zlilu + Zli]v,
Wy(60, wi, wa) = Zliju + 75 Z[i] (u + v)
where
u = u(f, wy,wy) = r(uy, vawy),

v =v(0,wy,wy) = r(uwy, va),
k.l/4

\/ ‘1 —w1UJ2"

uy, = exp b,

vy = expif) = expi((k —1)F — 0 — arg(l — wyws)).
For k =1,2, let Cy(0, w1, ws) = C(u(f,w,ws),v(0,wy,ws)). Then for all A in T} there

Wy
exists exactly one element (0,wy,ws) € [0,5) x D* such that A = Wi (6,wy,ws) and
AN Cyl6,wr,ws) = {0},

Proof. EXISTENCE. Let A be a unimodular lattice in C? that belongs to T}, and call u
and v the two minimal vectors associated with A. Denoting r = |u|w, v and v can be
written u = r(uy, vows) and v = r(ujwy, vy) with

\wll, \wgl <1= ‘Ull = |UQ|.
The unimodularity implies that
dete(u, v) = r*u1va(1 — wywy) € Uy or € (1 +4)Uy

according to A € T} or T3. On the one hand, this implies that r = \/% On the

other hand, since u and v can be changed in wu and w'v with w,w’ € Uy, we can impose
uy; = expifl with 6 € [0, 7| and v, = expif/ where

0" = (k—1)F — 0 —arg(1l — wyw,).

With our choices, the triple (6, w;,ws) belongs to U = [0, %) x D?.

If k=1, we have A = U(6,w;,wy) € U1(U). If k = 2, thanks to Proposition 10 Part
3, we have A = Uy (6, wy,wy) € Uy(U).

UNIQUENESS. Let A be in Tj. Suppose that A = Uy (a, wy, we) = \I/k(o/,w'l,wé) with
(o, wy,wsy) and (o, wi,wh) € U. Let u = u(a Wy, Ws), v = v(a wy, wa), u' = u(a, wy, wh)

and v = v(a/,w},w)). The two cylinders C’k(oz wy, ws) and Ck(oz wl,wQ) must be equal,
otherwise one of them would contains nonzero elements of A. Hence r = r" and by Lemma
23, v’ € Uyu. Since o and o are both in [0, [, it follows that u = u' and o = o/. Hence
vowy = vhwh. Again v' = wv with w € Uy, therefore wju; = wwyu; and vy, = wvy. It
follows that w| = ww; and wijw = wy which in turn imply wjw) = wyws. Now by definition
of Wy, dete(u,v) = dete(uw',v') =1 or 1+ 14, hence uyva(1 — wyws) = wjvh(1 — wiwj) and
taking into account the relations u] = u; and wjw) = ww,, we obtain v = v}. Finally,
this implies, w = 1 and (o/, w}, wh) = (o, wy, wy). O
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8.2. Symmetries of the transversal. Given (0, w;,w;) € RxD?, we would like to know
what are the conditions on (6, wy, ws) in order that ¥y (0, wy,ws) € Ty and Vo (6, wq, ws) €
T5. Thanks to Theorem 7 and to the distance formula (Lemma 14), these conditions are
given by a finite set of inequalities on w; and ws and do not depend on #. As for Theorem
7, the symmetries of the transversal simplify the statement. Actually, it can be reduced
to the case

wy eC={zeD:argz e |0, 7r]}

and the other cases, w; € {z € D : argz € [*F kH “1}, k=1,...,7, will be obtained by

simple transformatlons
Let TP and T3 be the subset of T} and T defined by

T10 :T1 N {A = ‘111(9,’11)1, wz) .

(9721]1,102) € [O, g) x C x D), AN 51(0,11}1,11)2) = {0}},
T) =Ty N {A = Uy(0, w1, wy) :

(0, w1, wy) € [0,%) x C x D), AN Cy(0, wy, wy) = {0}}.

Recall that Dg is the group of isometries acting on C generated by the multiplications by
elements in Uy and by the conjugation. For ¢ € Dg, consider the map Fj, : T, — €
defined by
Frp(Wi(0,w1,w2)) = Ui(0, o(wn), sy o(ws)).
This map is well defined because by Proposition 27, for each A € Ty, there exists
(6, w1, wy) unique in [0, Z[xD? such that (0, wy,ws) = A and A N 5k(0,w1,w2) = {0}.
Our aim is to prove:

Proposition 28. For k=1,2,

51

T = | J Feo(T)).

p€Dsg
Since
D= USOEDSSD(C)v
the proposition is an obvious consequence of the following lemma.
Lemma 29. For k =1,2 and ¢ € Dg
Fk#,(Tk) - Tk
Proof of Lemma 29. 1. It is enough to prove that Fj (7)) C T}, for all ¢ € Dg. Indeed, if

so, we have Fy ,-1(Fy »(Tk)) C Fy»-1(T) C T}, and since the elements in Dg are R-linear,
for A = Wp(0, wy,ws) € T, we have

Fiop s (Frp (W0, w1,102)) = By (a6, p(11), bz plue2)
= \Ijk(e 9071(90<w1>)7 (p—ll(l)z 9071(@(11)2 (p(w2))>
— \I/k(e wh, (p—l(l)Q (1)2w2)
= \Ijk’<07 Wh, w2)7
which implies that Fy ,-1(Fj o (T%)) = T

2. Call By = (Z[i] \ {0})? and E, = (Z[i] \ {0})®> U J?. For each ¢,1 € Dg, the
maps f(a,b) = (¢¥(a), (b)) induce a bijection on Ej. It is an immediate consequence of
) pu—

p(Z[i]) = ¢(Z[i]) = Z[i] and o(J) = ¢(J) = J.
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3. Let 0 € [0, 5[, wi,ws € D, w] = p(wy), and wh = ﬁgp(wg)

u=u(f,wy,wsy) = (ug,vawsy), v =00, w,ws) = (ujws, vs)
u' = u(f, wy, wy) = (u, vyws), v = v(0, wh, wh) = (uywh, v).
Suppose that A = Z[ilu + Z[iJlv € T and A N Ck(0,wy,wy) = {0}. Consider A’ =

Zliju'+Z[i]v". By definition A’ = Fj, ,(A). We want to show that A’ € Tj,. By Proposition
11 about the symmetries, for all nonzero complex numbers a, b,

|aw — vl = p(L)p(a)u’ — @)V |-
By 2, it follows that |a'v' — b'v'|w . > 1 for all (¢/,V') € Ej iff |au — bv|,, > 1 for all

(a,b) € Ej. Since A is in Ty, |au — bv|y» > 1 for all (a,b) € E) which implies that
la'u" — bV |y > 1 for all (a/,b') € Ej and we are done. O

8.3. Determination of the open transversals 7} and T, with the (0, w;,ws)-
coordinates. Recall that

C={weC:wl<1,argw € [0, 5]},
D={weC:|w <1, dw1l)>1,dw,1—1)>1},
T ={weC:|w <1, dw,1) > V2, dw,—i) > V2}

and that the parametrizations ¥; and ¥, have been defined in Proposition 27.
Consider the following pairs of closed disks in C:
Red, = D(i,1), Redy = D(—i,1)
Blue; = D(42, \/Li)’ Bluey = D(1 +1i,1)
Green; = D(1+1i,1), Greeny = D(, \/Li)
see the Figure 3 in Subsection 4.3.
Let W7 be the set of (wy,ws) in C X D such that one of the four conditions
(1) wy € C:}Teeng and w; ¢ Red, U Greenl,
(2) wo € Redy \ Greeny and wy ¢ Redy,
(3) wo ¢ Redy U Bluey and wy # 0,
(4) wy € Bluey and wy ¢ Bluey,
holds, and let
Wi = {(p(w), sape(ws)) : ¢ € Ds, (w1, wz) € W'},
Let
W9 =C\D(—i,V2) x T
and let
Wa = {(p(w1), sape(w2)) : ¢ € D, (wy,wz) € Wy},

Theorem 8. Let (0, w;,ws) be in [0, F[xD?. Then

o Uy (0, w,ws) €Ty iff (w1, wa) € Wiy,

[} \112(0,’(1)1,'11}2> € T2 Zﬁ (U)l,wg) € WQ.
Abridge proof of Theorem 8. With (w}, w})) = (p(w), ﬁgp(wg)), we have Wy (0, wy, ws) €
Ty iff Ui (0, wy, w)) € Ty, according to Proposition 11 about the symmetries of the transver-
sal. Then, we follow the proof of Corollary 19 using Proposition 13 with strict inequali-
ties. 0
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Remark 7. The conditions for Wy (6, w,ws) to be in the full transversal are similar, just
replace the closed disks by open disks and take care of the particular case w; = 0. In this
latter case Wy (6, wq,ws) is in the transversal whatever ws is.

8.4. The first return map in the (0, w;, wy)-coordinates. Let us denote by R : T' —
T’ the first return map in the full transversal 7. We want to find the formula

R(0,wy,wy) = (0, wy, wy)

in the coordinates (0,w;,wy). As the example in Subsection 4.4, shows the minimal
vectors following one minimal vector are not necessarily unique up to a multiplicative
factor in U,. This makes the map T multi-valued. In order to avoid this drawback we
restrict the first return map to 7"\ N = T'\ V' (see the definition 6.2 where N is defined).

Recall that the set N is negligible, is invariant by the flow and contains the lattices
with nonzero vectors on the axes. Therefore, the restriction of the first return map

R:T\N = T\N

is a bijection.
For k = 1,2, let W} be the set of (0, w;,wy) € Wy such that Uy (6, wy,ws) ¢ N. Let T
be the map defined on the disjoint union of W] and W3 according to Theorem 3:

o If (wy,wy) € Wi, let a € {1,1+ i} and g € Z][i] be such that —a(1,ws) + g(wy, 1)
is minimal for the preorder < in the set

{—a(l,wg) +g(wi,1)a e {1,141}, g € Z[i), |- — g| < 1} .

We then have
a 1
TG(wlaw2) = ( - )
w1 g — aws

and Tg(wy, ws) € Wi or Wy according to a = aq(wq,ws) = 1 or a = ay(wq,wy) =
141.

o If (wy, wy) € Wy, let g € Z[i] be such that — = (1+wy, wa+1)+g(wy, 1) is minimal
for the preorder < in the set

{—%ﬂ.(l +wi,wy + 1) + g(wy, 1) - g € ZJ[d], |m + ﬁ —gl < 1}.
We then have

T( ) 1 1 1
w,w - - B - BNE)
AL T2 g (1+dw,  (1+14) g—ﬁwg—(lﬁ

and T (wq,wsq) is always in Wi, In that case, we set a = ag(wq,ws) =

L
T+
Formally the map T should be defined on ({1} x W{) U ({2} x W}) with values in the
same set.
Now we are able to compute the first return map in (6, w;, ws) coordinates.

Theorem 9. Let k =1 or 2. Let (6, wy,wy) be in [0, Z[xW}. Then
Ro \Dk(e, Wy, ’wg) = ‘Ifj(e/, Oé2Tg(’w1, UJQ))

where

e j =2 when ag(wy,ws) =1+ and j = 1 otherwise,

o o= a(f,wy) is the only element in Uy such that 0" = 6 + argw; + arga € [0, 7.
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FIGURE 4. Iterates of the map Tz with one initial point. Only the couple
(wy,ws) in Ty with wy € C are plotted, w; in the left disk and wy in the
right disk. The color is chosen according to the regions in Corollary 19. In
the second rectangle, the orange points have been suppressed.

Proof. Set (w},w}) = T(wy,ws). By Theorem 3 and the definitions of the parametriza-
tions ¥; and W5 and of the map Tg,

R oWy (0, wy, wa) = V;(0 + arg wy, wy, wh)

where j = 2 iff ag(w, wy) = 144. The only thing we have to worry about is that 64 argw;
might be outside the interval [0, Z[. In any cases, there exists o € Uy unique such that
0" = 0+ argw, + arga € [0, 3[. So, if we change the vectors u(f + argw;, w], w)) and
v(0 + arg wy, wi, wh) in au(f + argwy, wi, wh) and Sv(f + arg wy, wi, wh), we obtain the
same lattice and we do not change the determinant (see Proposition 27 the definition of
u(.) and v(.)). Now,

au(f + arg wy, wi, wh) = u(f + arg wy + arg o, Hw}, a’wh)

1 / / 1 / 2.1
Lo(8 + arg wy, wi, wh) = v(8 + argwr + arg a, wf, a’w))

and since =y = o?, we are done. O
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FIGURE 5. Iterates of the map T: the points in T5.

9. INVARIANT MEASURES, PROOF OF THEOREM 4

We want to find the measure induced by the Haar measure and the flow (g;); on the
transversal 7" in the coordinates systems Wi (6, wy, we) and Wy(0, wy, ws) (see Proposition
27 the definitions of the parametrizations Wy;). The Haar measure is defined up to a
multiplicative constant and can be defined with an invariant volume form a on SL(2, C).
To take advantage of the C-linearity of the differential of W, with respect to wy, wy, we use
the following volume form. Let w be the differential form of degree 3 defined on M,(C)
by

war(My, My, M3) = det(M, My, My, M)
where My(C) is identified with C*. Since for every matrix A € M(C),
det(AM, AMl, AMQ, AM3) = det(MA, MlA, MQA, MgA)
= (det A)* det(M, My, My, Ms),
the form w is SL(2, C)-invariant and
o= —iwN\w

is a volume form on SL(2,C) and defines a Haar measure p; on SL(2,C) (see below the
definition of W). We restate Theorem 4.

Theorem 10. Using the parametrization Vi, k = 1,2 of the transversal Ty, the Haar
measure (1, associated with the volume form a and the flow g; induce a measure v with
density
32
h(0,wy,wy) = ————
( ! 2) ‘1 — w1w2|4
with respect of the Lebesque measure of [0, 7/2] x D?.

Before we prove the above theorem, we wish to compute the volume of the space of lat-
tices SL(2, C)/ SL(2, Z[i]). This volume can be deduced from the volume of SL(2, Z[i]))\Hj
where H3 = C + jR. is the three-dimensional hyperbolic space. Indeed, consider the left
action of SL(2, C) on the three-dimensional hyperbolic space Hs defined by

(az +b)(cz + d) + acr® + jr
lcz + d|? + |c|?r?

M.(z+rj) =
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a b
forM—(C d

Choosing an appropriate Haar measure po on SL(2,C), we have

) € SL(2,C) and z + rj € Hj. The stabilizer of j is K = SU(2,C).

Vol(SL(2,C)/ SL(2, Z[i])) = Vol(SL(2, Z[:]))\Hs) x Vol(SU(2,C)).
The measure o can be chosen in order that in the above formula,
Vol(SU(2,C)) = Vol(S3) = 27?

is the volume of the unit sphere S3 with respect to the standard Euclidean distance and
Vol(SL(2,Z[i]))\Hs) is computed with respect to the hyperbolic metric on Hj. In that
case

|d\'

Vol(SL(2, Z[i]))\H3) = e

x(2)

where d = —4 is the discriminant of the quadratic field K = Q + iQ = Q[v/—1] and
Cr(s) =>, m where the sum is computed over all the nonzero ideals (a + 1b)Z[i] in
Z[i] (see [8] p. 311-312). Actually, (x(2) = C where C' = Zn>0 o H)Q is the Catalan
number.

So we have two Haar measures on SL(2,C)/SL(2, Z[i]), one obtained with the volume
form « and a second obtained from Hj and SU(2,C). It is possible to compute the
normalization factor between the two Haar measures pq and ps, in fact

p1 = 1642,

which leads to

Vol,(SL(2,C)/SL(2, Z[i])) = 16 x (27%) x (| |

(k(2))

3272 —-1)"
= 64k (2) = = 2;2(2;31)2.

Proof of Theorem 10. The parametrizations ¥, k = 1,2 can be factorized, ¥y = $ 0 F}.
Indeed, let @, : C* x D? — SL(2,C), k = 1,2, be the maps defined by

U U1Wq
(I)l(ula Wh, 'U)g) =
VaW2 U2

1
w1 (l—wiwa)

1
U U Wi I
Py (ur, wi,wa) = | / 0 i

where vy = v)(u1,wy, wy) = (1 + 4)va(uy, wy,ws). Let F : R x D* — C* x D?, k = 1,2,
kl/4

be the maps defined by Fi(6,w,ws) = (u; = 7€, wy, wy) where r = Wy ek By
deﬁnition, \I/k = (I)k o Fk

where vy = vo(uy, Wy, ws) = and
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The first step is to compute the pull back ®p.w. Let p = (uy, wy, ws). Straightforward
calculations lead to

U1 1 0 0
U1wWy wy U1 0
a 9 9 o) E) )
(@1*(,&))1,(8—1“, a—wl, a_wz) = det Vo W2 wQﬁ wQa_,Zzl (%) + w23_;))22
Oua. Oug. Oug.
U2 oul ow1 Owo
B -2
- U,l(l — ’LU1’£U2)2,
hence
dw), = — duqy N dwy N dws.
Using that vj = (1 + i)vq, we obtain
1 2N\% —2(144)2
(Pouw), = det ( 1#) ( ) Sduy A dwy A dws
0 1_+2 U1<1 — w1w2)

= duq N\ dwq A dws.
U,l(]_ —w1w2)2 b w w2

Let us now use the conjugation. Consider the maps ¢ : C* x D* — C* x D? and
C : SL(2,C) — SL(2,C) defined by

c(ul, w1, wg) = (ﬂl,wl,WQ),

e ap-(a)
The form @ is defined by w = C,w. Since C o &, = &, o ¢, we have
Pl = (C 0 Bp)uw
= (P oc)w
= ¢, P w.
With uy; = uy1 + tuqe, w1 = wiy + twio and wy = woy + 1wss, We have
duy = duyq + idugs and du; = c.duy = duyy — idugs.
Hence,

-2
— duy ANdw, AN d
uy (1 — wyw,)? w A dwn A duw)
-2
c(un) (1 — c(wy)e(wy))2 7 G A G2
— _ duy A dwy A dwsy
U1<1—U}1’w2)2

i

Therefore, in the coordinates system (ug, wq,ws), the Haar measure is associated with the
differential form

4
D), = —1
(@) = U BT ]

32

- ‘U1|2|1 — w1w2\4

duy A dwy A dws A duy A dwy A dws

dull VAN du12 AN dwll VAN dwlg VAN d”LU21 N d’LUgl.
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In coordinates (ug,w;, ws), the diagonal flow g; writes

gt<u17 wr, w2) == (etu17 Wy, w2>

and is associated with the vector field X (p) = (uy,0,0).
In order to compute the measure induced by the Haar measure and the flow g, it is
enough to compute the Jacobian of the map

(t,0, w1, ws) = gi 0 Fip(0,wy,wy) = (T€t+i97w1>w2)
at the point (0,6, wy,ws). It is the 6 x 6 determinant
rcosf) —rsinf
rsin@ rcosf . . . .
0 0 1000
det | 0o o100
0 0 0010
0 0 0 0 01
Finally, we obtain the density
3212 32
(6, w1, ) [ 2|1 — wiwat |1 — wywo|?

10. DIRICHLET BEST CONSTANT, PROOF OF THEOREM 5

Let 6 be complex number. The Dirichlet constant associated with 6 is the infimum
C(0) of constants C' such that for any real number @ > 1 there exist p, ¢ € Z][i] such that

0<lgl <@
a0 —pl < §

The best constant in Theorem 5 is then Cp = sup{C(#) : § € C}.
Let (p,, qn) € Z[i)*, n € Iy C N, be a sequence of best approximations vectors of  such
that

L=lq| <l < - <l@m|l<...,

and including all the the best approximation denominators: if (p,q) is a best approxi-
mation vector then there is an n € Iy such that |¢| = |¢,|. The sequence is infinite, i.e.
Iy =N, iff 0 ¢ QJi].

Then, it is clear that

0(6) = Sup{‘anrlane _pn| n,m+ 1e [9}

If we want to study the best Dirichlet constant for all large enough @ when 6 ¢ Q[i], we
have to use the constant

C'(0) = limsup | g, 11/|gnb — pal-

n—oo

instead of the constant C'(f). By Proposition 9, the sequence of best approximation
vectors of # is the sequence of minimal vectors of the lattice

Ap = (é _19) 2L = MyZ[i)
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n

More precisely, the sequence My ( ), n € Iy, contains exactly one element equivalent

n
to any minimal vector of Ay with nonzero second coordinate. It follows that the best

Dirichlet constant Cp is bounded above by
Cs = sup [uy]|va]

where the supremum is taken over all Gauss unimodular lattices A in C? and all the pairs
u = (u1,uz),v = (v1,v2) of consecutive minimal vectors in A with 0 < |ug| < |ve|. The
proof is now done in two steps:

_ 1 V2
(1) We prove that Cg = NN
(2) We prove that for almost all 8 € C, C'(0) = Cs.

10.1. Step 1.

10.1.1. A first reduction to compute Cg. Let u = (uy,us) and v = (vy,v2) be two con-
secutive minimal vectors of a unimodular Gauss lattice A in C% Then |ui| > |v;| and
|vg| > |uz| and by Theorem 1, the index of the sublattice Z[i|u 4 Z[i]v in A, is one or two.
Thus, we can write

u = (u1,v9wse), |we| <1

v = (uwy,vy), |w| <1

and | dete(Z[ilu + Z[i]v)| = Juiva(1 — wyw,)| = 1 or v/2 depending on the index 1 or 2.

Set
1

Ci =supujvg = sup ————
’1 — ’lU1U)2|
where the supremum is taken over all unimodular lattices A and all pairs of consecutive

minimal vectors u, v of index 1 in A and set

V2

02 = Sup u31v9 = Sup m
— W1W2

where the supremum is taken over all unimodular lattices A and all pairs of consecutive
minimal vectors u, v of index 2 in A. Then

CS = HlaX(Cl, 02)

Thanks to Proposition 11, using the symmetries associated with ¢ € Dg, we can suppose
that w; € C. We can now evaluate C and Cs using Corollary 19 that gives necessary and
sufficient conditions on w; and wy so that v and v are consecutive minimal vectors.

10.1.2. We show that C; = \/ﬁlT\/g' We want to bound above the function f(w,wsy) =

|1T11wg|‘ In the particular case w; = 0, f(wy,wy) =1 so that f(wy,ws) < —

now on, we suppose w; # 0.
Recall the notations
Redy =D(i, 1), Redy =D(—1,1)
Blue, = D(4, \/Lé), Bluey =D(1 +1,1)
Green; = D(1+1i,1), Greeny = D(1, \/Li)

Let u = (uy, vows) and v = (ujwy,v3) be two vectors in C? with |uy], [ve| > 0, wy], |we] <

1, and wy € C\ {0}.

. From
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By Corollary 19, zero is the only vector of Z[iJu + Z[i]v that is in C(u,v) iff wy € D
and one of the four conditions
1) wy € Greens and wy ¢ Redy U Greeny,
2) wy € Redy \ Greeny and w; ¢ Red,,
3) wy ¢ Reds U Blues,
4) wy € Bluey and wy ¢ Bluey,

(
(
(
(

holds.
So we have to compute the supremum of the function f(wy,wy) = |

1—w1w2|
regions defined by (1), (2), (3) and (4).
In the following we assume the arguments of complex numbers are in [0, 27].

over the four

REGION 1: (wy,ws) € C\ {0} x D, wy € Greeny AND wy ¢ Red; U Green;.

We have to minimize the distance from wyws to 1 when (wq,ws) is in region 1. If wy is
on the circle of radius r; centered at 0 and w, on the circle of radius r, centered at 0, the
point wjws is on the circle of radius 7y and will be closest to 1 when the arguments of
wy and wy are maximal. It follows that the infimum of the distances |1 — wyws| is reached
when w; and wy are in the following arcs of circle (see Figure 3 in Subsection 4.3)

(a) wy is in the arc C, of the circle C(i,1) from 2 = 0 to z; = 1/2 + (1 — v/3/2)i
(positive orientation),
(b) wy is in the arc Cy of the circle C(1 +14,1) from z; to 2o =1
and
(c) wy is in the arc C, of the circle C(1,1) from zy to 23 = —izy,
(d) wy is in the arc Cy of the circle C(1 —4,1) from z3 to z4 = —i.
We are going to show that the infimum of |1 — wyws| is

r=|1— 22 =1/6—3V3.

CASE wy € C, AND wy € C,.. Clearly |wjws| < |z123] and 37/2 < argwjwy < arg z;23.
Now 2123 = 1 —v/3/2 —i(v/3—3/2), |2123] = 2— /3 and arg 2,23 = 27 — /3, hence w w,
is in the sector

S={z€C:3n/2 <arguyw, < 21 — /3, |2] <2 — V/3}.

Since 2,23 € C(1,7) and |z123] = 2 — v/3 < 1/2 = cosn/3, this sector doesn’t intersect
the open disk D(1,r), hence |1 — wyws| < 7.

CASE w; € C, AND wy € C,. Suppose first that wy ¢ D(1,7). It is enough to
prove that R(wjws) < 1 —r. We have R(wjwy) = |wyws|cos(argwiws). As before
argwiwsy € [3m/2, arg 21 z3), so that cos(argwiwy) < cos(arg z123) = 1/2. Let wg = x + 1y
be the unique point in C, N C(1,r). We have that |wi| < |wg| so that R(wjwse) =
|wiws| cos(arg wyws) < |wp|/2. The complex number wy = x + iy can easily be calculated
because its real part is solution of an equation of degree 2. We find that z < 0.103... and
y < 0.0054... so that |wg| < 0.11. Since 1 — 7 > 0.10 > |wy|/2, we are done.

When w; € D(1,r) and in the remaining cases below, we shall use the following simple
lemma. It is an easy consequence of the fact that two circles meet in two points at most.

Lemma 30. Let C; and Cqy be two circles in the plane and let pi,ps and ps be three
distinct points in Cq. If p1 and py are not in the interior of Co while ps is in the closed
disk associated with Cy, then the closed arc of the circle Cy between py and ps that doesn’t
contain p3, doesn’t intersect the interior of Cs.
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We now use the lemma with C; = w;C(1 —4,1) and Cy = C(1,r). Since w; € C, and
z3 € C,, the products wyz3 is not in the interior of Cy. Next w;zy = —iw; € C(1,1) is
not in the interior of Cy while the product w; x 1 is in the closed disk associated with
Cs,. Therefore, using Lemma 30 with p; = wy23, po = w124 and p3 = wy; X 1, we obtain
that w;C,; doesn’t meet the interior of Cs.

CASE wy € C, AND wy € C.. We have wjwy = wjw), with w] = iwy, € C, and

wh = —iw; € Cy4 so we are done thanks to the above case.

CASE w; € C, AND wy € C,. We fix wy € C,4. The points woz; and weze = wy are not
in the interior of Cy while ws X 7 is in the interior of C,, therefore, by Lemma 30, w,C,
doesn’t meet the interior of Cs.

REGION 2: (wy,wy) € C\ {0} x D, wy € Redy \ Greeny AND w; ¢ Red,.

As before, if wy is on the circle of radius r; and ws on the circle of radius 79, the point
wiws is on the circle of radius ry7ry and will be closest to 1 when the arguments of w;
and wy are maximal. It follows that the infimum is reached when w; and w, are in the
following arcs of circle (see Figure 3)

(a) wq is in the arc € C, of the circle C(i,1) from the point zp = 0 to the point
21 =2 =1+ €3 = /0 (positive orientation).
(b) w, is in the arc Cy of the circle C(452, \%) from the point zg = 0 to the point
29 = —i (positive orientation).
The points three points zg = 0, 20 = —i et z3 = 1 — ¢ are on the circle C; = C(lT_i, \%)
The products 2129 and 2120 = e~/3 are on the circle C, = C(1,1) and the product

2123 = v/2e77/12 ig in the interior of Cy. Therefore, by Lemma 30, the arc z,C; doesn’t
meet the interior of Cy which means that

|1 — 21w2| 2 1

for all wy € Cy.

Next fix wy € Cp. The three points 2] = wazq, 25 = waz; and z§ = wy(1 + i) are on
the circle C3 = wyC(i,1). The point z] is not in the interior of the circle Cy and we
just proved that z) is not in the interior of the circle Cy either, while 24 is on the circle

(1+14)C(, %) = C,. Therefore, by Lemma 30, the arc wyC, doesn’t meet the interior

of the circle C; which means that
‘1 — w2w1] Z 1
for all w; € C,.

REGION 3: (wy,wy) € C\ {0} x D, wy ¢ Redy U Blue,.
If wy ¢ Redy U Blues, then either argws < 7/2 or

/2 < argwy < T /6.
In the latter case, since w; € C, we have
wiwy €{z:7/2 <argz < Tn/6 + 7/4}
C {z: Rz <0}.
Therefore, |1 — wiwy| > 1. In the former case, argwiw, > arg((1 — v/3/2) +i/2) =
/2 — 7 /12. Therefore, |1 — wywe| > cos(n/12) > r = V6 — 3v/3.
REGION 4: (wy,ws) € C\ {0} x D, wy € Blue; AND w; ¢ Blues,.
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Again, if w; is on the circle of radius r; and wy on the circle of radius 7, the point
wiws is on the circle of radius ryry and will be closest to 1 when the arguments of w,
and ws are minimal. It follows that the infimum is reached when w; and ws are in the
following arcs of circle (see Figure 3)

(a) wq in the arc C, of the circle C(%, \%) from the point z; = 1 to the point zg = 0.
(b) wy in the arc Cy of the circle C(1,1) from the point z, = 1/2+14+/3/2 to the point

23 = (1 —+/3/2)+1i/2.

Fix wy in C,. The extremities of w,C, are 0 and ws and they are not inside the circle

C(1,1). While the point ws(—i) € wC(, \%) is inside the circle C(1,1). Therefore,

by Lemma 30, the arc wyC, is outside the circle C(1,1) which means that |1 —wjws| > 1
for all w; € C,

10.1.3. We show that Cy = 613\/5. We suppose that u and v are of index 2. Thanks to

Proposition 11, we can suppose w; € C and thanks to Corollary 19, we know that, zero is
the only vector of (u,v); in C(u,v), iff (wy,w;) € (C\D(—i,v2)) x T. We want to show
that inf |1 — wyws| = 3 — /3.

Once again, if w; is on the circle of radius r; and wy on the circle of radius 7y, the
point wjw, is on the circle of radius 7y and will be closest to 1 when the arguments of
wy and we are minimal. It follows that the infimum is reached when w; and w, are in the
following arcs of circle (see Figures 5 and 6)

(a) wy is in the arc C, of the circle C(—i,/2) with extremities zp = 1 and 2 =
L+,

(b) wy is in the arc Cy of the circle C(1,/2) with extremities and 2z, = i and z3 =
(1),
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1.2
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—7:24
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A

FIGURE 6. The infimum of |1 — wyws| on T.

A short computation shows that p = |1 — z123| = 3 — V3 =26 — 3V3.

Our objective is to show that if w; € C, and w, € C, then
|1 —w1w2| Z 3 — \/g

It will implies that Cy = 3%.

When w; = z, the points w;z; and wiz3 are not inside the circle C = C(1,p) and
the point w;(—i) is inside C. Therefore, by Lemma 30, the arc w;C;, doesn’t meet the
interior of C.

Fix wy € Cy. The points wyzg = wo and wyz; are not inside the circle C. If the point

wy(—1) were inside C, by Lemma 30, wyC, would be outside C which means that
|1 — wywy| >3 — V3.
However, wy(—1) could be outside the circle C. Let us determine the points wy = z+1iy €
Cy such that wsy(—1) is inside the circle C: wy(—1) is inside C iff
1 —wa(=1)]* < p*
s+’ +y2 < (3-V3)?
s+ 4+ 2041 <12 —6V3.

Since wy € C(1,v/2), 22 +y> = 1 + 2. Thus, wy(—1) is inside C iff z < %ﬁ So by

Lemma 30, if x < 5_3\@ then |1 — wjwsy| > 3 — V3.

Call g = 5’3\/5, Yo = /2 — (xo — 1)? and z4 = xo+iyo. Let C, and C] be the portions
of the arc Cy, from 2o =i to z4 and from z4 to 2z3. Let C/ and C! be the portions of the

arc C, from zg = 1 to (—i)z4 and from (—i)zy to z; = (—i)z3.
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We already know that if w; € C, and wy € Cy then |1 —wws| > 3—+/3. Since wy € C,
and w; € C! imply (—i)wy € C, and iw, € C}, it follows that if wy € C, and wy € Cj
then

So we are left with the case w; € C. and w, € C}. Since |1 — iwy| = V/2,

’1 — U)l'LU2’2 = |1 — wl(wQ -1+ Z)|2 = ’(1 — zwl) — wl(wg — 2)|2
=2+ |wi(wy — 1)]* — 2R((1 — dwy )w (wy — 7).
Furthermore, when w; € C!, and wy € Cj,
/4 < arg(l —iwy) < arg(l — z4)
21 — arg(—izy) < argw; < 27

21 — arg(zq — i) < arg(wq — 1) < 27 — 5w /4,
and arg(z4 — i) = b /4 + €1, arg(—iz4) = €2 and arg(l — z4) = 7w/4 + 3 where €1, €5 and
€3 are positive and small. It follows that, modulo 27, we have

Tr/4 — arg(—izy) — arg(z4 — i) < arg((1 — dwy)wy (we — 1)) < arg(l — 2z4) — 57 /4
/2 — e —e9 < arg((l — jwy)wy(we — 1)) < /2 + 5.

Now &1 = arg(zy —i) — bn/4 = 0.0.0518 - - - < 0.06, and g5 = arg(—izy) = 0.109--- < 0.11
therefore,

IR((1 — iwy )wy (wy — 1)) < 2V2|wy — i| cos(m/2 — €1 — &3)
< 2v2 % 0.15 x 0.17
< 0.08.

Finally, we obtain
|1 — wywy| >+v/2—-0.08>1.38>3—+3

and we are done.

10.2. Step 2, C'(#) = Cs for almost all § € C. Consider the lattice Ay = Z[i]u + Z[i]v
defined by the vectors u = (uy, us) = ro(1, € %wy) and v = (vy,v1) = ro(wy, €*) where

wy =14 (1 L),

Wo = (—i)wl,

1
To = ’
\/|1 —w1w2|
a = —arg(l — wyws).

The lattice Ag is unimodular and by Theorem 2 (more precisely by Corollary 19), there

is no nonzero vector of Ay in the open cylinder C(u,v) = By (0,79). The vectors u and v
has been chosen so that
V2

C3-3

Lemma 31. Let A be a lattice in C? and let v be a positive real number. Suppose that
for some real number t, ¢:A N By (0,7) = {0}. Then there ezist two consecutive minimal
vectors u = (uy,uz) and v = (ug,ve) in A with |ve| > |us| such that |ujve| > r* and
|vg| > ret.

lurvg| = rg =Cy
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Proof. Let u = (uy,ug) be a minimal vector in g;A with |u;| > r and |u;| minimal. Such a
o

minimal vector exists because by Lemma 6, there exist minimal vectors in C's(r) and such
minimal vectors have a first coordinate with modulus > r because g:A N By (0,7) = {0}.
o

Let v = (v1,v2) be a minimal element for the lexicographic preorder < in g;:A N Cy(r).
By Lemma 6, v is a minimal vector and again |ve| > r because g;:A N By (0,7) = {0}. If
w = (wy,ws) is a minimal vector in g:A with |wy| > |ug| then |w;| < |uy|. By definition

of u, this implies |w;| < r which implies successively that w € C1(r) then that v < w and
finally that |ws| > |vg|. Tt follows that u and v are consecutive minimal vectors in g;A and
that Boo(0,7) C C'(u,v). It follows that g_;u and ¢g_;v are consecutive minimal vectors in
A and since |vy| > 7, we have |e'vy| > ref. Moreover |e fujetvg| = |u||va| > 7 X 1. O

Lemma 32. Let r be a positive real number. The set F of unimodular lattices A in C>

such that AN By (0,7) # {0}, is closed in SL(2,C)/ SL(2, Z]1]).

Proof. Let (A, = M,Z[i]*), be a sequence of lattices in F. Suppose that the sequence
converges to a lattice A = MZ[i]>. We want to show that A € F. We can suppose that
the sequence of matrices (M,,),, converges to M w.l.o.g.. For each n, there exists a nonzero
vector X,, € Z[i]? such that Y, = M, X,, € B,(0,r). Changing X, into 2*X,, for some
non-negative integer k, we can suppose that r/2 < |Y, |« < r. Since the matrices M,
are all invertible and since the sequence (M,,) is convergent, there exists ¢ > 0 such that
| My,|| > d > 0 for all n, where ||A|| is the operator norm of the matrix A associated with
the sup norm on C2. Therefore, | X,|o < % for n large enough. Thus there exist a vector
X € Z[i]* and an increasing sequence of integers ny such that X,, = X for all k. Since
M, X, loo = |Yoploo > 7/2, MX = limg_yoo M,,, X = limg_,o Yy, is a nonzero vector of
A = MZ[i]* in the ball By, (0,7), which means that A € F'. O

End of proof of Theorem 5 and Theorem 5 bis. By Lemma 31, to prove that C'(0) > rg
for almost all 0, it suffices to prove that the set

(0 €10,1] +1[0,1] : VT > 0,Ye > 0,3t > T, g,Ag N Boo (0,70 — &) = {0}
has full Lebesgue measure in [0, 1] +4[0, 1]. Suppose on the contrary that the set
{0 €10,1]+i[0,1] : 3T > 0,3 > 0,¥¢ > T, g,Ag N Boo (0,70 — &) # {0}
has positive Lebesgue measure. Then there exist 7' > 0 and € > 0 such that the set
N ={Ag:0€[0,1] 4+i[0,1] and V£ > T, g;Ag N B (0,79 — &) # {0} }

has positive measure. By definition of N, for all Ay € N and all ¢ > T, there exists a
nonzero vector X (0,t) € Z[i]* such that

Y(@,t) = gtMgX(Q, t) € BOO(O,TO — E).
Let H< be the subgroup of SL(d + 1, C) defined by

7—[<:{h= (Z a91 ) € SL(2,C) :a € C*, beC}.
There exists 0 > 0 such that for all A € H<

A= Ido < 6=Vt 2 0, |l giAgr! = Id] < —
To

where | M| is the sup norm of the matrix M and ||M]|| is its operator norm associated
with the sup norm. For all Ay € N, all ¢t > T and all A € H< with |A — Id|» <, we
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have
19: AMpX (0,1)] 00 = |9:Ag; " 9: Mo X (0, 1)
= [(q:Ag; " — 1d)g: Mo X (0,t) + g: Mo X (6,)|oo
< [(geAgy " — 1d)g: Mo X (0,1)oc + |1 Mo X (0, 1)| o0
< ([lgeAgyt — Id|| + 1)|g: Mo X (0, 1) |
e
< (— +1)(rg —
< (2700 +1)(ro — )
19

< rg— >

Therefore,

gtA N Boo(oer - %) 7A {0}
for all A € By_(Id,6)N where By_(Id,0) is the set of matrices M in the subgroup H<
such that |M — Id|. < 6 and By_(Id,0)N is the set of lattices of the shape AA with
A€ By_(Id,0) and A € N.

Let U be the set of unimodular lattices A such that AN B, (0,7 — 5) = {0}. By the
choice of rg, the lattice Ay is in U. By Lemma 32, U is open. So that U is a nonempty
open set and has a positive Haar measure in SL(2,C)/SL(2,Z[i]). The action of the flow
g, t € R, on SL(2,C)/SL(2, Z[i]) is ergodic, see [1] page 90 (it is also a direct consequence
of Mautner’s lemma and of the fact that SL(2, C) is generated by the matrices of the shape
((1) T) and (i ? ). It follows, by Birkhoff ergodic theorem applied to the flow g; and
to the function f = 1y, that for almost all lattices A, there exist arbitrarily large ¢ such
that g;A € U. Now, the set By(Id,d)N has positive Haar measure and by construction
for all lattice A in this set and all ¢t > T

giA 1 B(ro — 5) # {0},
and therefore g, A ¢ U for all t > T', a contradiction. O

11. SEARCH OF MINIMAL VECTORS IN A GAUSS LATTICE IN C?

In this subsection we address the problem of finding two consecutive minimal vectors
in a Gauss lattice in C?. The first step is to find one minimal vector and the second step
the next one.

Thanks to the Gauss reduction algorithm it can be done very efficiently.

11.1. The Gauss reduction algorithm. Given Gauss lattice in C? we want to find a
minimal vector in this lattice. This can be done with a Gauss reduction algorithm and
the following observation:

If A is Gauss lattice in C? and if u is a shortest vector of A for the standard Hermitian
norm then w is a minimal vector in A.

Indeed, if u = (u1,us) is a shortest vector for the standard Hermitian norm then any
vector v = (v1,v9) in the cylinder C'(u) such that |vi| < |ui| or |vs| < |ug| has a strictly
smaller Hermitian norm.

Given a basis of a lattice in a two-dimensional (real) Euclidean vector space, the Gauss
reduction algorithm provides a reduced basis of the lattice. This algorithm can be adapted
to the case of Gauss lattices in two-dimensional C-vector spaces equipped with an Her-
mitian norm. In [26] it is proved that the Gauss reduction algorithm works for lattices
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in C? on Euclidean integer rings of imaginary quadratic fields. We state their result for
lattices on Z[i] without proof.

Definition 33. Let E be a two-dimensional C-vector space equipped with a norm ||.]|.
A basis (u,v) of a Gauss lattice A = Z[iJu + Z[i]v is reduced with respect to the norm ||.||
if flull = M (A [, ©) and [lv]| = Ao (A, [}, C).

Let E be a two-dimensional C-vector space equipped with an Hermitian norm |.|g.
The Gauss reduction algorithm proceed as follows.
Input: A basis (u,v) of a Gauss lattice A in E.

(1) If |v|g < |u|g, exchange u > v.

(2) A := False

(3) Main loop: while A = False
(a) Compute w = (a + ib)u the orthogonal projection of v on the line Cu.
(b) Find the Gaussian integer p closest to a + ib and replace v with v — pu.
(¢) If |ulg < |v|g, A := True, else exchange u <> v.

Output A reduced basis of A.

Proposition 34. The above algorithm find a reduced basis of A = Z[ilu + Z[iJv for the
norm |.|g in finitely many steps.

11.2. An algorithm finding consecutive minimal vectors. Let A be a Gauss lattice
in C? and let u be a minimal vector in A. How to find a minimal vector v in A such that
u and v are consecutive ?

This problem can be solved with the following proposition.

Notation. For a positive real number ¢ denote |.|; the Hermitian norm on C? defined

by
(21, 22)[7 = [tz1]? + |22

Proposition 35. Let A be a Gauss lattice in C* and let u = (uy, us) be a minimal vector
in A. Set

4
s =1/ —|detc(A)] and t = ——.
T |uy |

Let (w,w") be a reduced basis of A with respect to the norm |.|;. Then the minimal vector
v such that u and v are consecutive minimal vectors, belong to the set of vectors zw + 2w’
with z, 2" € Z[i] and (|z|> + |2"]) < 23.

Proof. Let v = (v1,v2) be a minimal vector in A such that u and v are consecutive minimal
vectors, let s = y/a| detc(A)| where a is a positive constant and let ¢ = ma- We will make

the choice a = % only at the end of the proof. It is enough to prove that a can be chosen
so that for all z,2’ € C, zw + 2w’ € C(u,v) implies |z|> + |2/|* < 23.
The sup norm defined by

1(21, 22) | = max([tz1], [$22])
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is bounded below by \%](zl,zmt. By Lemma 7, 1| detc(A)] < |ui]fve] < 2] detc(A)| =
C| detc(A)]. Since,
/\Q(Av |'|t’ C) < \/§A2<A7 ||||t7 (C)
< \/EmaX(HUHu [v]]2)

= \/ﬁmax( |u1||u2| S||Zi||’ |uq||va])

= VEmax(s, %\umwn,
with s = y/a| detc(A)], we obtain
0/l = Aa(A, |16, ©) < VEmax(s, ~fualoa)
< V2 max(s, §| detc(A)])

= V2 max(1, g)s = bs.

a
Now by Hadamard inequality,
| dete(A)] = [det(w, w')| = [dety, (w, w')] < |wl]w'];

where det, |, (w,w") is the determinant computed in a |.|;-orthonormal basis, hence
dete(A)] s

lw'|,  — ab

Again, since |uq|lvy] < C|dete(A)| and s = y/a|detc(A)|, the cylinder C(|uq], |ve])
is included in the closed ball of radlus max(1, £)s assocnated with this sup norm ||.||;.
Therefore, it is enough to find a constant A such that |z|*>+ 2| > A implies |zw + 2w'|; >
V2max(1, €)s = bs. Now, since the basis (w,w’) is reduced, |w + w'|? > |w'|?, which
implies |R(w,w');| < 3|w|?, and |w £ ww'|} > [w'|} implies |S(w, w');| < F|w|} as well.
Hence [(w,w'),| < Z5|wl}, and

lwly >

2w+ 2w'F > 2P |wf} + 2P’ f = V2lz]]||w]}
> (1= Z5)(|2 + 1) lw]?
> ()P 4 ()
Therefore, if |2]? + [2%| > A, then |zw + 2'w'|? > (%)(ﬁ)%%& So we are done if
A> f a®b*. The value a = C minimizes a?b* and gives (recall that C' = 2),

V2 214 4202 642
ma b* = Vil = anm = 22.139...

O

Thanks to the proposition, the algorithm that finds two consecutive minimal vectors in
a Gauss lattice A C C? goes as follows:

e Use the Gauss reduction algorithm to find a reduced base (u,u’) in A with respect
to the standard Hermitian norm. wu is the first minimal vector of the pair.

e Once again, use the Gauss reduction algorithm to find a reduced base (w,w’) with
respect to the Hermitian norm |.|; where ¢ is the parameter associated with u
defined in the proposition.
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e Find a minimal element for the lexicographic preorder among the vectors zw+ z'w’
with 2,2’ € Z[i] and (|2]* 4 |2"?|) < 23 that are in the infinite cylinder C;(u).

12. MISCELLANEOUS QUESTIONS AND COMMENTS

12.1. The Hurwitz algorithm in the space of bases of C?. Consider a basis u =
(u1,uz), v = (vi,ve) of the vector space C?. We define a map H that associates a new
basis v’ = (uf,u)), v = (v}, v}) to each basis u, v. This map is defined only when u; # 0
and v; # 0. The first vector u’ is defined by ' = v and v’ is defined as follows. Set
wy = 2. We define v' = (v}, v3) = u — gv where g is the Gaussian integer such that

/
v U — qUWLU 1
1 1 — gwiug 11 1 1y,
oMM _ S ges=[-4 1)+ [-h b
U1 wi1Uy w1
For the new basis v/, v/, we have
/ /
v v 1
1 1 !
—=—=——g=w; €95

and therefore v| = wiu} with w] € S. We recognize the Hurwitz continued fraction
algorithm applied to wy. The map H is defined on the set of pairs of independent vectors
(u,v) such that the first coordinates of u and v are nonzero. Observe that Z[i|u' +Z[i]v" =
Z[ilu + Z[i]v and that detc H(u,v) = — detc(u,v).

Remark 8. In Theorem 3, the map T was defined by a good choice of a Gaussian integer

g and of a € {1,1+ 4} such that |>- — g| <1, while in the Hurwitz algorithm there is a
unique Gaussian integer g such w% —g=wjeSs.

There are two simple questions:

e If (u,v) is a pair of consecutive minimal vectors in a Gauss lattice A € C* and
(u',v") = H(u,v) is defined, is it true that v" is a minimal vector in A 7

e Is it possible to continue the process : if v’ is still a minimal vector and H (u/,v") =
(u”,v"), is v” minimal ?

12.2. Ergodic theory and the first return map. Let ¢ be in C and let X, (A) =
(2,(0),y,(0)), n € N, be the sequence of minimal vectors of the lattice Ay. We can ask
several questions about the quantities x,, () and y,(0).

e (Levy-Khintchin theorem) Show that for almost all § € C

1
lim —In|y,(0)| =C

n—oo N

where C'is a constant that can be computed with the Haar measure of SL(2, C)/ SL(2, Z[i])

and the induced measure v (see Theorem 10). What can be said about the se-

quence (é:gz;‘ )n? Is this sequence almost surely equidistributed in the unit circle?

e (Bosma-Jager-Wiedijk theorem) Show that for almost all # € C, the sequence of

probabilities
1 n—1
= e O0)
n
k=0

converges in measure to a probability A in C. Show that A\ has a density with
respect to the Lebesgue measure and compute this density. The question can be
studied with the product y,,1(0)z,(0) instead of z,,(0)y,(6).
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For these two questions the method in [5] should lead to the existence of the limit almost
everywhere. The explicit computations of the limits C' and A could be more difficult.

As we have seen the core of the first return map on the transversal T is the map T (see
subsection 8.4). In the definition of the map Ty two coefficients appear: a € {1,1+ i}
and g € Z[i|]. By Proposition 20, if a = 1 + ¢ for some iterate of T, the next iterate
should be with a = 1.

e More generally, find the succession laws for the coefficients.

e What is the almost-sure frequency of ¢ = 1 when computing the sequence of
iterates of T;?

e Is there a Borel-Bernstein theorem for the coefficient g7

13. APPENDIX 1, GAUSS LATTICES

Definition 36. Let E be a finite dimensional C-vector space. A subset A in E is a Gauss
lattice if it is a Z[i]-submodule of E, if it is a discrete subset of £ and if it generates the
vector space F.

Lemma 37. Let E be a C-vector space of dimension n and let A be a Gauss lattice in E.

Then there exists a basis uq,...,u, of E such that
Proof. Denote ||.|| a Hermitian norm in £ (an Hermitian structure is used only for con-

venience). We proceed by induction. If n = 1, E = Cu and A = Z[i]\u where \u is a
shortest vector in A. Indeed for all zu € A, there exits p € Z[i] such that |§ —p| < 1,
hence ||zu — pAu|| = |z — pAl|jul| < |A|||u]| and therefore z = pA.

Suppose the result holds for all n — 1-dimensional vector spaces. Let E be a C-vector
space with dim¢c £ = n and let A be a Gauss lattice in E. Since A generates the vector
space E, there is a basis uq,...,u, of E with u,...,u, € A. Let F be the vector space
spanned by uq,...,u,_1. By induction hypothesis there exists a basis vy,...,v,_1 of F
such that FNA = @?;fZ[i]vj. The orthogonal projection A’ of A on the line D orthogonal
to I is discrete. Indeed, suppose there is a sequence w, € A’ of nonzero vectors which
converges to zero. We can suppose that the vectors w,, n € N, are distinct. For each n,
let w), € A be a vector whose projection is w,,. The vectors w/, can be chosen in order that
their orthogonal projections on F' are in the bounded set {Z?;ll zjv; € F @ (Rz;,Vz;) €
0, 1]%}. Tt follows that the w, are in a bounded set which is not possible because they are
distinct. Therefore A’ is discrete. Let v, be a shortest nonzero vector in A’. Since A’ is
a Gauss lattice, the step n = 1 of the induction implies that A’ = Z[i]v],. Finally choose
any vector v, € A whose projection on A’ is v/,. If v € A then its projection v' on the
line D is in Z[i]v),. It follows that v' = gv], for some g € Z[i]. Therefore, the projection
of v — gv,, is 0 which implies that v — gv,, € FFN A. We conclude that vy,...,v, generate
A. O

A direct adaptation of Theorem I page 11 of Cassels’ book, [4], An introduction to the
geometry of numbers, shows that

Theorem 11. Let E be a n-dimensional C-vector space, let A be a Gauss lattice in E
and let L C A be a lattice in E.
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A. To every basis by, ...,b, of A, there can be found a basis ay,...,a, of L of the shape

a; = z11b;
ag = 22101 + 22209

Qp = anbl + -+ Znnbn

where the z;; are in Z[i] and z; are nonzero for all i.
B. Conversely, to every basis aq,...,a, of L, there exists a basis by, ..., b, of A such the
above system holds.

Proof of A. Pick one basis of A and one basis of L and call D the determinant of the
second in the first. The determinant D is a Gaussian integer and Cramer formula shows
that DA C L.

Let (by,...,b,) be a basis of A. For each i € {1,...,n} there exist points a; in L of the
shape

ai = zpby + - + zib;

where the z;; are Gaussian integers and z;; # 0 for Db; € L. We choose for a; such an
element in L for which |z;| is as small as possible but zero. We are going to show that
ai, ..., a, is a basis of L. Since aq, ..., a, are in L, so is every vector w = wia;+- -« - +wya,
where wq, ..., w, are Gaussian integers. Suppose by contradiction that there exists a
vector ¢ of L not of the latter shape. Since cis A, ¢ = t1by + - - - + tb,, where 1 < k < n,
tr # 0 and ty, ..., t; are Gaussian integers. If there are several such ¢, then we choose one
for which k is minimal. Now since 2, # 0, we may choose a Gaussian integer s such that

|tk — szkk| < |Zkk‘

The vector
CcC — Sap = (tl — SZkl)bl + -+ (tk - SZkk)bk

is in L since ay and c are; but it is not of the shape wya; + - - - +w,a, since c is not. Hence
tr, — szgr cannot be zero by assumption that k& was minimal. But then |ty — szix| < |2k
contradicts the assumption that the nonzero modulus |zx;| was minimal. O

Proof of B. Let aq,...,a, be some basis of L. Since DA C L, by part A, there exists a
basis Dby, ..., Db, of DA such that

Dbl = 211a1
Dbg = 29101 + 29209

Dbn = Zp1G1 + -+ Znnbn

with z; ; Gaussian integers and z; # 0. Solving the above system we can express a4, ..., a,
in the basis by, ..., b,, we obtain a triangular system with coefficients in the fields Q(7).
But by,...,b, is basis of A and the a; are in A so the coefficients must be Gaussian
integers. 0

The norm ||.|| we consider on C-vector spaces are suppose to verify
[[Aull = [Al[fu]

for all vector u of the vector space and all complex number .
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Definition 38. Let E be a finite dimensional C-vector space equipped with a norm ||.||
and let A be a discrete subset in . For K =R or C and for 1 < j < dimg F, the j-th
minimum of A with respect to the norm ||.|| and to the field K is the infimum of all the
real numbers A such that there exist j K-linearly independent vectors in A with norms
< A. It is denoted by A;(A, ||.||, K) or simply by A;(A,K) or even by A; when there is no
ambiguity:.

Lemma 39. Let E be a C-vector space of dimension n equipped with a norm ||.|| and let
A a Gauss lattice in E. Then for j =1,...,n

NS LI C) = Agia (AL [ R) = Aoy (A L[| R).

Proof. Ifuy, ..., u; are j C-linearly independent vectors with norms < X\ then uy, iuy, ..., u;, iu;
are 2j R-linearly independent with norms < A, therefore \;(A, .||, C) > Ag;(A, |||, R).
Since a C-vector space of C-dimension < 7 — 1 has a real dimension < 25 — 2, 25 — 1
R-linearly independent vectors uy, ..., ug;—1 in A generate a C-vector space of dimension
> j — 1. Therefore, \;(A, [|.]|,C) < Agj—1(A, ][], R). O

14. APPENDIX 2, COMPUTING THE DISTANCE TO D

There is a simple algorithm that calculate the distances from a complex number z to
the regions D, C and 7. We explain it for the distance to the region D = {z € C: |z| <
1,d(z,1) >1,d(z,1 —i) > 1}. The distances to C and to 7 can be calculated the same
way. The complex plane is the union of seven regions Dy, ..., Dg, see Figure 7. For each
of these regions, there is a simple formula giving the distance d(z, D):

(1) If 2 € Dy = D then d(z,D) = 0.

(2) If z€ Dy ={z € D(1,1) : arg(z — 1) € [&, ]} then d(z,D) =1 — |z — 1].

(3)Ifze Dy ={2€C:argz < f,arg(z — 1) € [—75, Z]} then d(2,D) = d(z, 22)
where 2z = % + ‘/752

(4) IfzeD3={2€C:|z| > 1,argz € [, %]} then d(z,D) = |z| — 1.

(5) f z€ Dy ={2€C: Rz >0,arg(z — 1 +1i) € [, 27|} then d(z,D) = d(z, —1).

(6) If z€ Ds = {2z € D(1—4,1) : arg(z—1+1) € [3m, 7]} then d(2,D) = 1 — |z —1+1].

(7)If 2z € Dg = {z € C: arg(z — 1) € [, 2n],arg(z — 1 + i) € [—7, 3]} then

d(z,D) = d(z,21) where z; =1 — ‘/73 — 1i.



GAUSS LATTICES AND COMPLEX CONTINUED FRACTIONS 53

Dy

FIGURE 7. Distance to D.

Furthermore, it is easy to check whether a point z belongs a region D;. For instance
z € Dy if and only if

-1 —1
|z—1|§1and%(;_1)ZOand%(;_l)go.
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