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Abstract

Let A, be the set of all possible joint distributions of n Bernoulli
random variables X1, ..., X,,. Suppose that A, which is a simplex in the
2"-dimensional space, is endowed with the normalized Lebesgue measure
fn. Suppose also that the integer n is large. Then we show that there
is subset A of A,, whose measure u,(A) is very close to 1, such that
if the joint distribution of (X7i,..., X,) is in A then the law of the sum
Xi1+...4+ X, is close to the binomial law B(n, %) This result doesn’t need
any independance assumption. Next, we show a result of the same kind
when A, is endowed with an other probability measure v,.
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1 Introduction

The most common explanation for the ubiquity of the Gaussian law is the
Central Limit Theorem. Another explanation closely related to the previous one,
is that the Gaussian law is the only stable law with finite variance. The proofs
of the Central Limit Theorem always rest on some independence assumption or
at least on some stationarity assumption. The purpose of our work is to give in
a very simplified situation, another kind of explanation for the ubiquity of the
Gaussian law.

Consider a sequence X1, ..., X,, of Bernoulli random variables. We are in-
terested in the law of the sum S, = X; + ... + X, without any independance
assumption about the random variables X;. Since the Laplace-Moivre theorem
asserts that up to a suitable normalization, for n large (and p not too small),
the binomial distribution B(n,p) is close to the Gaussian law, an explanation
for the ubiquity of the Gaussian law may be in our setting:
when n is large, the law of S, is often very close to the symmetric binomial
distribution B(n, 3).

We must explain what we mean by very often. Fix a positive integer n.
Denote by A, the set all possible joint distributions of n Bernoulli random
variables X1, ..., X,. A, is the set of all probability measures on {0,1}". To
each element p = (pi)icfo,13» of A,, one can associate the law of the sum
Sp = X1+ ... + Xp,. It is a probability measure L, (p) on the set {0,...,n}.
When we choose the uniform probability law b = (27", ....,27™) on {0,1}", we
get L, (b) = B, = B(n, 1) the symmetric binomial distribution:

B, (k) = Cr2™™



for all k in {0,...,n}. Let € > 0, our aim is to estimate the size of the set A, .
of probability measures p in A, such that for all £ in {0,...,n},

To make precise this question, we have to measure the size of subsets of A,,.
This can be done with the help of a probability measure on A,. If p is a
probability measure on A,,, we wish to prove that

N(An,e)

is close to 1 when n is large. In a less formal language :
when n is large, choosing at random the joint distribution of (Xi,...,Xy), it is
likely that the law of S, is very close to the symmetric binomial distribution

B(n, %)
2 Statements of results

There are many choices for the probability measure p and we shall only consider
two. The first and the most natural one is y = 1, the normalized Lebesgue
measure on A,,. Our first result is:

Theorem 1 There exists a constant A such that for all positive integers n, and
all positive numbers ¢,
A/n

622n—1

/ffl,n(An,E) > 1
and

An5/2

PP € Bn:  sup ([La(p)) = Ba(D)l < €}) 21— 00—

I1c{0,...,n}

Though, the Lebesgue measure is very natural it has a drawback. One can
consider the law of the first n — 1 Bernoulli random variables (X1, ..., X;,—1) as
a random variable defined on A,,. This random variable is the projection

An B An—l
(Pi)iefo.13r — (PG.0) +PG,1))jefo,13n—1

pro,,

The point is that the Lebesgue measure p; ,—1 is not the image of iy , by the
map pro,,; the family (41,,)rn>1 is not a projective family of probability mea-
sures. We would like to find a projective family (p2,,)n>1 of natural probability
measures on the sequence of sets (A,),>1. This can be done inductively: when
we know the law (pi)ie{&l}" of (X17~-~7Xn) the law (p/(i,j))i€{071}"7j€{071} of
(X1,...; Xn, Xpt1) is chosen at random uniformly among all the possible laws.
Let us make it precise. Consider the natural map which is almost a bijection,

Y 1 Ap X [0,1]{0,1}" — Apy1
((pi)ie{o,l}"7 (l“i)ie{o,un) - (pzid'))ie{O,l}”,,jE{O,l}

where p’(i’o) = p;x; and p’(i’l) = p;(1—x;). The uniformity means that the choice
of (Pl(iﬁj))ie{o,l}",,je{o,l} given (p;)ic{o,1}», is done at random with respect to
the Lebesgue measure A, on [0, 1]{0’1}". This enable to transfer a probability
measure from A,, to A, ;1. If we have a probability measure po, on A,, the
product of this measure with the Lebesgue measure ), on [0, 1]1%1}" gives rise



to a measure on A, x [0, 1]{0’1}n and its image by 1, is a new measure f3 p41 on
Ay 1. Since the map pro,, 1 o ¥y, : A, x [0, 1141 — A, is the projection on
Ay, the image by pro,, | of p2 n11 18 p2,,. Taking po1 the normalized Lebesgue
measure on Ay, we get a sequence (f2 ,)n>1 of natural probability measures on
the sequence of simplices (Ay,),>1 (see section 3, for a purely probabilistic point
of view about the measures pg,). This is our second choice which also has a
drawback for it looses the symmetry between the random variables

pr, : A,—R
(pj)je{o,l}" — Di,

i € {0,1}™ as well as the symmetry between the variables X;, i € {1,...,n}. Our
second result is:

Theorem 2 There exists a constant C such that for all positive integers n, and

all positive numbers ¢,

Clnn
M2¢n(An,5) >1- m

and

Cln®?n
JApeN,: sup  |L.(p)I)—B,(I)| <) >1— —— .
p2,n ({p IC{O,.I.).,n}| (p)(I) (N <e}) NG

Remark. In both Theorems 1 and 2 it is possible to find an explicit value
for the constants A and C. It is easy to check that the value A = 2 works in
Theorem 1 whereas it is more difficult to give an explicit value for the constant
C and we do not give any.

The main point of these two results is that they do not need any indepen-
dence assumption about the variables X;. There must be some other works of
the same kind but we have only find one: K. Takeuchi and A. Takemura ([T, T])
have studied the law of the sum S,, = X; + ... + X, where the X; are Bernoulli
variables. They only assume some condition about ”central binomial moments”
which are a one to one function of the factorial moments (the k" factorial mo-
ment of random variable X is F(X(X —1)...(X — k + 1))). This allows them
to prove convergence to the normal law or to the Poisson’s law for a triangular
array of Bernoulli variables X ,. Their hypothesis are only about the central
binomial moments of S, = X1, + ... + X, .

3 Sketch of proofs

The ideas of the proofs of Theorems 1 and 2 are exactly the same. It is the
reason why, although these proofs are not difficult, we begin by describing their
main steps. For ¢ = 1,2, n € N*, and k € {0,...,n}, denote by E;, (k) and
Vin(k) the expectation and the variance of the random variable p — L, (p)(k)
defined on the probability space (A, ;).

Making use of the symmetries, we replace the simplex A, by another geo-
metrical space where the computation of expectations are easier. Then we show
in both cases, that

Ein(k) = CF2™" = B, (k).

Since by the Chebyshev inequality,

Vin (k)
c2

tin({p € An  [Ly(p)(k) — Ein(k)| > €}) <

)



Theorems 1 and 2 can be deduced from appropriates upper bound on the vari-
ances V; (k). In the first case, standard results lead to the inequality

Ch
Vin(k) < oon-

In the second case, computations are not as easy as in the first case. Some well
known estimates about binomial coefficients, enable to show that for all £ in

{0,...,n},
C

E7
and that for all k such that }k — %‘ > 2vnlnn,

Van(k) <

C

nd’

Vo (k) <

where C' is a constant independent of n and k.

4 Proof of theorem 1

1. The cardinal number of the set A, is N = 2" and there is a one to one
correspondence between the sets {0,1}"™ and {0, ..., N — 1}. Therefore each p in
A, can be seen as a probability measure on {0,1,...,N —1}:

An = {(Po,-,pn-1) € RN 1 po,p2, e, pn—1 > 0, po +p2 + ... + py_1 = 1}.

Furthermore, for all k in {0, ...,n}, there is a subset Ej of {0,..., N — 1} with
CF elements, such that for all p = (po, ..., px_1) in A,

Ln(p)(k) = Z Pi-

i€ Ey

2. Let o be a permutation of the set {0,..., N — 1}. o induces the linear map,
fo(T1, ., 0) = (To(0)s To(2)s - To(N—1)) Which sends A, onto itself. Therefore
the measure 1, is fy-invariant. It follows that given a subset E of {0, ..., N—1},
the distribution function of the map

p= (o, PN-1) € Ay — Lp(p) = > _pi
i€E

depends only on the cardinal number of E. This means that for all k € {0, ...,n},
the map Lg, have the same distribution than the map Lp, where

F, ={0,...Ck —1}.

n

Hence,

,ul,n({p SIAVSE ‘Ln(p)(k) - Bn(k” > 5}) = .ul,n({p SIVAVSE: |LFk(p) - Bn(k)| > 5})

3. In order to estimate w1 ,({p € A, : |Lp,(p) — Bn(k)| > €}), let us intro-
duce another way to see the probability space (Ay,p1,,). Let (Yi,...,Yn_1)
be N — 1 independent random variables uniformly distributed in the interval
[0,1]. Arranging them in ascending order we find N — 1 random variables
Zy < Zy < ... < Zn—_1. The joint distribution of (71, ..., Zy_1) is the normal-
ized Lebesgue measure v on

T = {(2’17 ...,ZN,1) eRV 1.0 <z1 <2< .. <zy1 < ].}



Let ¢ : R¥~1 — RY be the map defined by
¢(Zl, ceey ZN_1) = (21, 29 — Z1,--3yRAN—-1 — ZN—-2, 1-— ZN—1)~

The image of T' by ¢ is A, and since the map ¢ is affine, the image of the
measure v by ¢ is the measure py ,,. Now, let F' = {0,...,m — 1} be a subset of
{0,...,. N —1}. For all z = (z1,...,2nv-1) € T, we have

Lp(qb(z)) =21 + (22 — Zl) + ...+ (Zm — mel) = Zm,
hence the distribution of Lz is the same as the distribution of the map
Ry i (21,0 2n—1) €T — zp,.

It follows that
E# (LF) = EV(Rm)

and the same holds for the variances
Vm,n(LF) = VV(Rm)-
4. The distribution of R, is well known, its density h,, is given by the formula

-
hn() = o TN = 1 =)

1,n

m—1 _ n\N-1-m
xtmTH(1—t)

(see [Da, Du]). Therefore,

! (N_ 1)' m—1 N—-1-m
EV(Rm):/O R e e e e ) dt
(N —1)! T'(m+ 1)I(N —m)
TN —1-m) " I(N+1)
(N —1)! m!/(N —m —1)!
TN —1—m) " N1
=3
1 —1)!
E,(R2) = /O t? x s 1()]!\([N i)l — m)!tmil(l — )Nt
(N —1)! T(m + 2)I(N —m)
T DN —1-m)  T(N+2)
(N —1)! (m+ 1IN —m —1)!
T DN —1-m) * (N+1)!
mx (m+1)
N x (N +1)
and
5 s m(m+1) m? Nm(m+1)—(N+1)m?
Nm? 4+ Nm — Nm? —m?  m(N —m) m
- NZ(N +1) T N2(N+1) — NZ
Coming back to Lg, , we find that for all & in {0,...,n},
Ck
El,n(k) = E#l,n (LEk) = Wn = 052_71 = Bn(k)v
Ck
Vialh) = Vi (ls) < 55



Making use of the Stirling formula, it is easy to see that CF < A\Q/—% where A

is a constant independent of n. It follows that Vi (k) < ﬁ. Finally, with

Chebyshev inequality we get
A
e22n\/n

Mlm({p S An . ‘LEIQ (p) - 011";2_”‘ Z E}) S

and
,uln({pEAn:mnaX’LE (p)—CkZ_"’ >e})<(n+1)x A
’ k=0 * " - - g22n\/n’

therefore A

n

Ml,n(As) Z 1- 622"_1 .

The second inequality of Theorem 1 follows from the first in replacing € by ¢/n.
O

If we want to find an explicit value for A, we can use the following inequalities
instead of the Stirling formula

1
) < n! <V2mnn"exp(—n + H),
n

2 " -
V2mnn™ exp(—n + o1

(see [Fe], p. 50-54). An easy calculation shows that the value A = 2 works.

5 About the definition of x; ),

In this section we give two other ways to introduce the measure ps ,,: proposition
1 and 2. While proposition 1 is not needed for the following, proposition 2 is
useful. It replace the simplices A,,, n € N*, by a single product space endowed
with a product probability.

Notations. 1. For z in [0,1], we put (¥ = 2 and () =1 — z.
2. Denote pro,, : A, — A, 1 the map defined by pro,, ((pi)icfo,13») = (P})ic0,13m—
where p} = pio + pi1 for all i € {0,1}"7L.
3. For each i in {0,1}", denote pr; : R{®1" — R the map pr defined by
pr((pj)jefo,13») = pi- It induces a random variable on A,, and it is readily seen
that for all 4 in {0,1}"~!, pr;, + pr;; = pr; o pro,, on A,,.
4. For an integer n > 2, the map ,,_1 is defined by:

wn,1 : An,1 X [0, 1]{0’1}n71 — An
((Pi)icgo,13n—1> (Ti)icto,13m-1) = (Pij)icto,13m 1 jeq0,1}
where py = p;x; and pl; = pi(1 — ;).

In the introduction we present a rather geometric point of view about the
probability measures ps ,,. It is possible to give a more probabilistic point of view
about these probability measures. The simplex A,, is the set of all probability
laws of a sequence (X3, ..., X,) of n Bernoulli random variables and the map
which associated to each law of (X7, ..., X,,) the law of the first n — 1 Bernoulli
random variables (X7, ..., X;,_1) is just the projection pro,, : A, — A,_1. When
we know the law of (X1, ..., X,,—1) what can we expect about the law of the whole
sequence (X1, ..., Xp,)? This is given by the conditional distribution given pro,,
of the random variables

P(Xl :Z'h....,Xn,l :Z.nfl,Xn :0) pr(i,O)

" . - . A’n - 07 1 )
P(X1 =141, X1 = in—1) pr; o pro,, 0, 1]




i = (i1, ...in—1) € {0,1}"71. The probability measures psz, are the only such
that these variables are all uniformly distributed in the interval [0,1] and in-
dependent conditionally to the law of (Xi,..., X;,—1). This the meaning of the
next proposition which we state without proof.

Proposition 1 The sequence (u2n)n>1 s the unique sequence of probability
measures such that :

i. p2,1 is the normalized Lebesgue measure on Aq,

it. for all integer n > 1, po , is a probability on A,,,

iti. for all integer n > 2, the image of 2, by pro,, is ponp—1,

. for all integer n > 2 and all family (B;);c(o0,13n—1 of Borel subsets of [0,1],

PI(i,0)

pr, o pro,,

€Bi,ic{0,1}" pro,) = ] AW
i€{0,1}n—1

N2,n(

where X is the Lebesgue measure on [0, 1].

Remark. iv can be replace as well by:
for all integers n > 2 and all family (B;);cq0,13»—1 of Borel subsets of [0,1],

11 A(BiNI0, pr,[)

NZ,n(pr(@O) S Bia Z € {07 1}n71|pr0n) = pI;

i€{0,1}n—1

where X is the Lebesgue measure on [0, 1].

By definition, the probability ps , is the image by 1,_1 of the probability
H2n—1 ® Ap—1 where A,_; is the Lebesgue measure on [0, 1]{0’1}%1. We can
iterate this process from n down to 1 and we see that the probability measure

t2,n is the image of the Lebesgue measure on
Q, = (0,119 x 0,101 x . x [o,1){00""

by a map ¢, : Q, — A,. It will be more efficient to define ¢,, on an unique
probability space 2 which does not depend on n.

Notations. Denote by 7 the set {0} U (U ,{0,1}*) and  the set [0,1]7.
For j = (j1,...,jx) in J, denote by Z; : = [0,1] — [0, 1] the random variable
defined by Z;((wi)ics) = wj.

Denote by @ the infinite product of Lebesgue measures on ).

Proposition 2 For all integers n > 1, consider the map ¢, : Q@ — RO}

defined by
_ 7(i1) (i2) (is) (in)
PI(iy,.0ip) © Pn = Zy ! Z(if) Z(if,ig)“'Z(il ..... in_1)"

Then ¢, (2) C A, and the image by ¢, of the probability measure Q is pia p.
Proof. It is easy to check that ¢, (w) is in A, for all w in Q,,. Indeed,

_ (in)
Priy ... in) © ¢n = Plit,in_1) © (b”*l X Z(zl

yeeerbn_1)’?

thus

Pr(z‘l,...z‘n,l,o)(d)n(w)) + Pr(il,...,z‘n,l,n(¢n(w)) = Pr(il,...,in,l)wn—l(w)) X Z(il,.‘,in,l)
+ pr(il,...,in,l)((bn*l(w)) x (1 - Z(il,‘.,infl))
=Dy, in 1) (Pn—1(w))



and it follows by induction that

ST on(on@) = Y pry(é1(w)) = pro(¢r (W) +pr (61 (w)) = Z§ + 2 = 1.

i€{0,1}" 1€{0,1}

Next we prove by induction that the image by ¢, of the probability measure
Q, is 2. Suppose the image by ¢, _; of the probability measure @ is p12,,,—1.
Using the sequence of maps (¢y,)n>1, it is easy to find an induction relation
satisfied by the sequence of maps (¢, )n>1, we have

(bn(‘*}) = wn—1(¢n—l(w), (Zi(w))ie{o,l}"*l))'

Now ¢,,—1 and (Z;);cf0,13»—1 are independent random variables, therefore the
image by w € Q — (¢n_1(w), (Zi(w))ie{o,13»—1) of the probability measure Q
is the product of the image by ¢,_1 of @ and of the Lebesgue measure on
[0, 1]{0’1}%1 which is A,_1. By induction hypothesis we get ug -1 ® A\,—1 and
by definition, the image of 2 -1 ® A—1 by ¥p—1 is po5. O

6 Calculation of the first two moments of p €
A, — Ln(p)(k)

Notations. Let n be a positive integer.
1. For each subset F' of {0,1}", we shall denote by Lz the map defined by

p= (Pi)icoyn € Ap — Lp(p) = Zpi-
ieF
2. For all integers k in {0, ...n}, F}, x denote the subset of element i = (4;);c1,....n} €
{0,1}™ such that Y ;" ;i = k.

Let n > 1 be an integer and let k be an integer in {0, ...,n}. We would like
to estimate

EZ,n(k) = EH2,n (Ln()(k)) = Euz.n (LF",k)
= / Z Pi A2, ((Pi)ieqo,137-1)

" € Fy,

- / S pry (6 (@) dQ(w).

i€ Fy,
and

Epy (L5 ()(K)) = By, (L, ,) =/ (D p)® dpzn((Pi)icgo 1)

n jcFy

- / (3 pry(6n(@)))? dQ(w)-

i€ Fy

Set fnk = EieF,c pr; © ¢p.
1. By proposition 2,

Eq(fui) = Eo( Y prioda) =Eol Y. Pl obut x 200 0 )

ian,k (i17"'7in)€Fn,k

= > Eoorgy,.a o ba1 X257 )

(i17"-ain)an,k



and since ¢,_1 and Z(ljl ) are independent,

Eo(fur)= Y. Eqlorg, . 1) ooa-1)Ee(Zi" . )

(1500sin )EFn &

1
= 9 Z EQ(pr(il ..... in_1)© bn-1).

(ila-“ﬂ;n)an,k

Furthermore, F, = Fj,—1 k-1 X {1} U Fj,_1  x {0}, thus

1
EQ(fn,k) = 5( Z EQ(pr(il,“.,in,I) O Pp_1)+

(31,--yin)EFn 1,k —1x{1} (i1,

= L Blfurim) + Eqlfucr ).
We have also
Eq(fi0) = Eo(2)") = Eq(2;”) = Bq(f11) = 5
therefore, by induction, we get

EQ(fn,k) = 07132_n'

Hence
By (k) = Ck27,

2.

in)EF,_1,.x{0}

2. The quadratic mean Eq(f? ) is a little more difficult to estimate. The

main idea is to decompose F, j in the two sets

Fr?,k = {(ilv 7Zn) € Fn,k 1 = 0},
Fi,k = {(Zhvln) S Fn,k 1 = 1}

and to observe that for each 4 in F)) ; and each j in F,, ;, the two variables

(i2) 7 (i3) (in) (42) rr(43) (Jn)
Z('Ll)Z(lh’LZ) Z('Ll in—1)’ Z(]l)Z(h]z) Z(jl,»--,jn—l)

are independent. We have

Eq(f21) =Eq(( > priodn)®)+Eq(( > priodn)’

ing,k zEFﬁ,k
+2Eo(( Y priodn)( Y. priog,))
ieF? JEF,
=1+ 1T5 + 2153.

The first term gives

Z ZO Z(ZZ)Z ) Z(Zn) ,zn,l))Q)

0,i2) """ (0,iz..
zEFflJ "
i2) r7(i3) (in) 2
Z@ Z Z ) Z(Oglz) Z(O i2.. 1n_1)) )7
i€FD |

since Zp is independent of the others Z;, we get

(i3) (in)
(Z pr; 0 6,)?) = Eq(Z3)Eq( Z Z(O) Ziiy Lo

ing,k zeF ok

7in,71))2).

EQ(Pr(il,...,in,l) ° ¢Pn-1))



The last thing to see for the computation of the first term is that

(Z (7' ) (l") (Z ) ? (in— )
Z Z(o§ Z(OSzz) Z(o,iz,...,in 1) Z Z((zﬁ Z(zf) Z(n,if,iwﬂ ) = Eq(f- 1k
16F01 ZEFn

thus
1

T = gEQ(fn lk)

Exactly the same arguments show that

3EQ(fn 1,k— 1)

By independence, the last term gives

_ (0) 7 (i2) rr(is) in) (1) (i ) (in)

T3 B EQ(( Z Z Z(O§ Z(OSZZ) Z(O 12,eenyin— 1) Z Z Z(S (1312) Z(l,iz,“.,in,l)))
iEFSY ZEFlv
_ (0) (1) (i2) rr(i3) (in) (i2) r7(i3) (in)
= Eq(Zy "2 Z Z ) ZO312 Z(cu2 ..... in_1) ) Eq(( Z Z(1§ Z(fm Z(Oyi2 7777 in_l)))
ZGFO, lGFlv
1
= gEQ(fnfl,k)EQ(fnfl,kfl)-

Finally, we get the relation

EQ(fik) 3[EQ(fn 1k)+EQ(fn 1h—1) T EQ(fn-1k)EQ(fr-1.k-1)]-

3. This recursion relation and the equality Eq(fm,) = 27™C%,, enable to find
a recursion relation between Vo (frn—1.k-1), Vo(fn—1k) and Vo(fuk):

Vo (fur) = EQ(fﬁ k) — Eq(far)?
3[

Eq(fr_ 1k)+EQ(fn 1e-1) T EQ(fa—1,6) EQ(fa—1,k-1)]
1

— 1 [Bo(fam1a) + EQ(frn-16-1))"

= Vo Unrn) + VolFueriot) + EoUnor ) Eo(fooinr))

-~ 3

+ 112 (B a1 + Balfnori1)’) — 5 o(fa14)Ea(fn-14-1)

= 2V 1) + Valfa1a1)) + 35 (Balfa 1) = Bl 14-1)
= S (Valfn-1) + Valfnoraon)) + 152" H(CE, — CAZDP

Hence,

1

1
VH2,n (LFn,k) = g[vﬂln—l (LF7L71,70)+‘/H2,1L71 (LFn—l,k—l)]_‘_i

SOl )P,

6.1 An upper bound for V;,(k) =V, (LF,,)
We shall need the following lemma.

Lemma 1 There exists a constant C' such that for all integers n > 1 we have:
1. for all k in {0, ...,n},

27n|05 1 Ck| S

Cc
’I’L

10



2. for all k in {0,...,n} such that fk - %| > vnlnn,

c

—n|vk—1 k
27|Ch! - Ch < .

Proof. In what follows, C' denotes a constant whose value may change at
each line. Since

! k
2—77, k-1 _ k :2—77, n: -1
G Cnl (n—k)k'|n—k+1
+1 -2k
:z—nck n
"ln4+1-k |’

we can use the classical Laplace-Moivre estimate about the binomial law:

Let (an)n>1 be a sequence of non negative real numbers which go to 0 as n
goes to infinity. Then for all positive integers n and all integers k such that
|k — %| < a,n?/3 we have

146, 2(k — 2)2
27Ok = 1+ 00 (k) (k) exp (—( 2) )
V5N

where

lim sup |0,(k)| =0

N0 kik—n/2|<ann?/3
(actually, it is a slight extension of the Laplace-Moivre theorem which deals only
with integers k such that |k — Z| < ay/n where a is a fix real number; see [Fe]

p. 185 theorem 1, or [Le] p. 36 proposition 8.2). It follows that for all positive
integers n and all integers k£ such that ‘k; — %‘ < a,n?/3,

_ C 2(k — 2)?2
27 vn P ( n )

where the constant C' does not depend on n. Making use of the monotonicity
of the binomial coefficients, we get the following inequality

2 nCk < ¢

n = 572

for all integers n and all integers k& such that |k: — %| > vnlnn. This last
inequality implies 2. Now let us prove 1. For all positive integers n and all
integers k such that |k — %| < vnlnn, we have

(_2(kg)2> n =2k +1

n n

C
27Oy = Cp < —=exp
n

NG

Jo—
NG

o3

Put t =

. We get

. _ C't| C
n|k—1 k 2

and since the function t € R — [t|e=2" is bounded, 27"|C*~! — Ck| < g 0

Proposition 3 There exists a constant C' such that or all positive integers n,

C
vp = sup V,,. (Lp,,)<—
kef0,m} (L) n?

11



Proof. Let n > 2 be an integer. Since for all k in {0, ...,n},

1 1., -
V#z,n(LFn.k) = g(VlLQm,—l(Lanl,k71)+‘/,U'2,n—l(Lanl,k))+E[2 +1(C£7%7071i—1)}25
we have 1
vn < Sono + 5 27HCETE - ChLIR
With the previous lemma we get
2 C

Up < g'Unfl + ﬁ

By induction, we get that for all integers n > 2,
2 =1 2
n < (= n—1 C Y
on < (5)"Hon + ;(n 1)2(3)

The sum . o= ) 5 (

B =2t >

0<i<n/2 n/2<i<n—2

)k is easy to estimate:

wN

—_

since 1 2 4 2 12
EEEELEU I DR Y
0<i<n/2 0<i<n/2
and since ) 5 5 o
i n n/2
n/2<zz<n 2(7’L7Z)2(3) 2(3) T
we have
2., C
Un S (g) U1 + -
C
Sk O

Proposition 4 There exists a constant C' such that or all positive integers n

C
Up 1= sup Vuz,n(LFn,k) < ﬁ

kE{O,..A,n}:|k—% |22\/nlnn

Dem. Let n > 2 be an integer. First note that the two variables Lp, , and
LF, ,_, have the same law, so it suffices to prove the proposition for k > n/2.

By lemma 1, for all k in {0,...,n} such that k — § > vnInn, we have

1
E[Q n+1<C Ck
C

[VﬂQ,ﬂ,—l(Lanl,kfl) + V/—"Z,n—l(LFn—l,k)] + E’

VN2,n(LFn,k) = [Vuz.n—l(LFn—l,k—l) + V/‘/Z,n—l(LFn—l,k)] +

IN
W= Wl

Fix an integer k > § +2vnInn. We prove by induction on [ that for all integer

I <+Vnlnn,

l
1 1 2.
Vﬁ«zn nk 372: Mznz lkl)—‘rci:(n,i)u’)(g)z'
i=0 i

12
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Indeed, if I < v/nlnn, then for all i € {0,...,1},

n

k—i—?—lZ\/nlnnz\/(n—l)ln(n—l),

therefore

Q

Vl“2,nfl (LFn—l,k—i) < 3 (V#Z‘n—l—l (LFn—l—l,k—i—l )+Vl"2,n—l—1 (LFn—l—l,k—i))+

(n—1)%
Together with the induction hypothesis, this imply that

Vuz n LFn K) S

w‘,_.

l
Z uzn - 1(LF —l—1,k—i— 1)+VM2.¢L7171(LFL 1—1,k— 1))"’

1

(n—1)°
l

1 1
= W{E(VHQ,W—(Z+1)(Lan(li»l),k—(lﬁ»l)) + VHQ,n—(l+l)(LFn,—l—l,k)

l
+Y (Cit

H2 n—(141) (LFn—(lJrl),k—j )}

j=1
L1 2
C T (Zyd
NP il
7=0
| b l 1 9
= EESY ;O Cll-i-lvuz,nf(zﬂ) (LFn*(H»l),k—i) + C;} W(E)J
As before, it is easy to prove that
-1
1 2 C
S tdieS
— )5 5
= (n—3)°3 n
Furthermore (remember that 0 < Lp < 1)
1 ¢ 2
3l ZCI H2,n—1 LFL lk— L) < ?ZO; = (g)l
=0
Thus, with [ = vnInn we find that
-1 1 9
V.U’Qn Lka 3ZZCI H2,m— z ”C_7)+C§(TL—Z)5(§)1
vnlnn c
< (Z il
< (3) + 3
C
S5

6.2 End of proof of theorem 2

Let k be an integer between § — 2vnlnn and § + 2vnlnn. By proposition 3
and Chebyshev inequality, for all positive numbers ¢,

C

(1) 2n(p € At |Li, (p) = CR27"| 2 ) < 5,

13




thus

C
2({p €A, max Lg, ,(p)— CFo | >¢el) < 4vVnlnn—s.
H2 ({ g—z%gkgg-&%‘ ,k( ) n | }) 202
Let k be an integer in {0, ...,n} such that ’% - kf > 2v/nlnn. By proposition 4
and Chebyshev inequality, for all positive numbers ¢,

C

(2) m2n({p € An:|Lp,, (p) — CR27" > €}) < 25

thus

C
n e A, : max Ly . — 6’52_” >l <n—r0.
fi2.n({p 3 nlnn! o (P) | 2eh) <ng

It follows that

Clnn
ponl(p € A s max (L)) = Lu(B)() < <P > 1= Sk

Let ¢ be a positive number. We shall use inequality (1) with e, = 9 and

4vVnlnn
inequality (2) with e; = %. For each subset I of {0,...,n}, the set
{p € At [Lu(p)(I) — Ln(Bn)(1)| = 6}

is included in the union of

)
U et La@)k) — La(Ba) (k) > ———}
ki 2 —k|<2vninn 4vnlnn

and of

S|l

U {p € Ayt [Ln(p)(k) — Ln(By) (k)| =
ki|2—k|>2vnTnn

which does not depend on I, therefore (remember that L, (p)(k) = Lr, , (p))
p2n({p € An : S [Ln(p)(I) = Ln(Bn)(I)| = 6)}
C

1,...,n}

}

]
< Z 1% ,n({p €Ay : |Ln(p)(k) - Ln<Bn)(k)| > })
k| 2 —k|<2vmTnn ’ 4vnlnn
Y eal{p € Au b)) — LaB)R) 2 2

k:

2—k|>2vnlnn

< Cvnlnn c _C 16y/nIn®*?n 1

e L L
Cln®?n
Vné?
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