ON A FAMILY OF DIFFERENTIAL EQUATIONS FOR BOUNDARY LAYER APPROXIMATIONS IN POROUS MEDIA

ZAKARIA BELHACHMI^1, BERNARD BRIGHI^2 and KHALID TAOUS^1

1 Université de Metz, Département de Mathématiques, Ile du Saulcy, 57045 METZ Cedex, France 2 Université de Haute Alsace, F.S.T., 4 rue des frères Lumière 68093 MULHOUSE Cedex, France

Free convection along a vertical flat plate embedded in a porous medium is considered, within the framework of boundary layer approximations. In some cases, similarity solutions can be obtained by solving a boundary value problem involving an autonomous third-order nonlinear equation, depending on a parameter related to the temperature on the wall. The paper deals with existence and uniqueness questions to this problem, for every value of the parameter.

1 Introduction

Natural convection problems arise when dealing with a heated impermeable flat plate embedded in an unbounded porous medium. In fact, at high Rayleigh numbers, the most important part of the convection takes place in a thin layer around the heated source. In this case, thermal boundary layer approximations can be derived (in analogy with Prandtl theory for flow at high Reynolds numbers) and similarity solutions can be obtained by solving the following the boundary value problem (P_α) involving the autonomous third order nonlinear differential equation f^{′′′} + α + 1 2 ff^{′′} − αf^{′2} = 0 on (0, ∞) (1.1)

and the boundary conditions

f(0) = 0, f^′(0) = 1, (1.2)

f^′(∞) := lim_{t→∞} f^′(t) = 0. (1.3)

The parameter α describes the temperature distribution prescribed on the wall, and the range for which the problem has some physical meaning is −^1_3 ≤ α ≤ 1. See Ene & Poliševski 1987 and Cheng & Minkowicz 1977. However, for the mathematical analysis, we will be concerned with every value of α.

For physical reasons (see (2.3) and (2.7) below) we will also consider the following constraint:

∀t ∈ [0, ∞) 0 ≤ f^′(t) ≤ 1. (1.4)

The question of existence or nonexistence does not necessarily depend on the condition (1.4). For example, in the case α = −1, if f is a solution of (1.1), then f^′ is concave and we cannot have f^′(0) = 1 and f^′(∞) = 0 together. So, we see that, even without the restriction (1.4), the problem may not have a solution. Furthermore, the question of uniqueness for the problem (1.1)-(1.3) is not really clear. In fact, we will show that there is an infinite number of solutions to (1.1)-(1.3) when α = −^1_3 , whereas uniqueness holds for α ∈ [0,^1_3 ]. But, in any other case (except, when we prove nonexistence), we are unable to say if uniqueness holds or not.

On the other hand, if we look at the full problem (1.1)-(1.4), we prove nonexistence for α < −^1_3 , existence for α ≥ −^1_3 , and uniqueness for α = −^1_3 and α ≥ 0. We also compute explicitly the solution for α = −^1_3 and α = 1.

Let us note that for α = 0, the equation (1.1) reduces to the Blasius equation f^{′′′} + 1 2 ff^{′′} = 0. Numerical results about (1.1)-(1.4) for some values of α between −^1_3 and 1 can be found in Cheng & Minkowicz 1977. Further numerical investigations for α close to −^1_2 and α > 1 are in Banks 1983 and Ingham & Brown 1986.

On the other hand, the explicit solutions for α = −^1_3 and α = 1 were already given by Stuart 1966. See also Crane 1970.

Nonexistence of solutions for α = −^1_2 was noted by Banks 1983. In Ingham & Brown 1986, the argument used to get nonexistence for α < −^1_2 is only valid if the possible solution f is assumed to satisfy f^′f^2 → 0 at infinity. We will see that it is unnecessary to add this assumption.

The equation (1.1) with the boundary conditions f(0) = a, f^′(0) = 1 and f^′(∞) = 0 is considered by Magyari & Keller 2000, in the particular cases α = −^1_2 , α = −^1_3 and α = 1. Such situations correspond to lateral suction (f(0) > 0) or injection (f(0) < 0) of the fluid through a permeable stretching wall and have been considered by Banks & Zaturska 1986, Chaudary, Merkin & Pop 1995a,b. See also Merkin & Zhang 1990.

Finally, let us mention that, according to the boundary layer technique, a steady twodimensional flow of a slighty viscous incompressible fluid past a wedge, can be described in terms of the solution of the following problem: f^{′′′} + m + 1 2 ff^{′′} + m(1 − f^{′2}) = 0 (1.4)

with the boundary conditions f(0) = f^′(0) = 0 and f^′(∞) = 1 (see Rosenhead 1963). If m > −1, which is true for the values of m having physical significance, setting β = 2m m + 1 , λ = √ 2 m + 1 and u(t) = λ^{−1}f (λt) ,

we get u^{′′′} + uu^{′′} + β(1 − u^{′2}) = 0. (1.5) with u(0) = u^′(0) = 0 and u^′(∞) = 1. The equations (1.4) and (1.5) are called Falkner- Skan equations. In the special case β =^1_2 , corresponding to m =^1_3 , then (1.5) is called the Homann equation and every solution of it also satisfies the equation u^{′′′′} + uu^{′′′} = 0, obtained from (1.5) by differentiation. See Coppel 1960, Falkner & Skan 1931, Hartman 1964, Hasting & Troy 1987, 1988, Kays & Crawford 1993, Walter 1970 and Weyl 1942. However, because of the non-homogeneity of (1.4) or (1.5), it is not clear how to relate the Falkner-Skan problem to ours.

The paper is organized as follows : in the second section we explain how to derive the problem (1.1)-(1.3) and the condition (1.4). In the third section, we show how the value α = −^1_3 appears in the computations, and recall the explicit solution to (1.1)-(1.4) for this case and also for α = 1. Next, we give properties of solutions to the problem (1.1)-(1.3), which will be of great importance in obtaining nonexistence and uniqueness results. The fourth section is devoted to nonexistence results for some values of the parameter α. In the section 5, we prove existence of solution to the problem (1.1)-(1.4), for α ≥ −^1_3 . In section 6 we discuss the question of uniqueness, and show that for α ≥ 0 and α = −^1_3 , the problem (1.1)-(1.4) has one and only one solution, and that for α = −^1_3 , the problem (1.1)-(1.3) has an infinite number of solutions, whereas for α ∈ [0,^1_3 ] we have no solution other than the one satisfying (1.4). We finish with some concluding remarks.

2 Boundary layer approximations and similarity solutions

Let us consider the problem of steady free convection around a vertical impermeable flat plate in a saturated porous medium, and consider a rectangular Cartesian coordinate system with the origin fixed at the leading edge of the vertical surface such that the x-axis is directed upwards along the wall and the y-axis is normal to it. If we assume that, in particular, the convective fluid and the porous medium are everywhere in local thermodynamic equilibrium, the governing equations are given by ∂u ∂x + ∂v ∂y = 0

u = − k μ ( ∂p ∂x + ρg )

v = − k μ ∂p ∂y u ∂T ∂x + v ∂T ∂y = λ ( ∂^2T ∂x^2 + ∂^2T ∂y^2 )

ρ = ρ_∞[1 − β(T − T_∞)] where u and v are Darcy velocities in the x and y directions, ρ, μ and β are the density, viscosity and thermal expansion coefficient of the fluid, k is the permeability of the saturated porous medium, and λ is the equivalent thermal diffusivity; p is the pressure, T the temperature and g the acceleration due to gravity. The subscript ∞ denotes a value far from the plate.

For our coordinate system, the boundary conditions at the wall are

v(x, 0) = 0, T (x, 0) = T_w(x) = T_∞ + Ax^α , α ∈ IR,

where A > 0. The boundary conditions far from the plate are

u = 0 and T = T_∞.

In terms of the stream function ψ satisfying u = ∂ψ ∂y and v = − ∂ψ ∂x , the previous equations can be rewritten as

∂^2ψ ∂x^2 + ∂^2ψ ∂y^2 = ρ_∞βgk μ ∂T ∂y ,

λ ( ∂^2T ∂x^2 + ∂^2T ∂y^2 ) = ∂T ∂x ∂ψ ∂y − ∂T ∂y ∂ψ ∂x . If we assume that convection takes place in a thin layer around the heating surface, we get the boundary layer approximation

∂^2ψ ∂y^2 = ρ_∞βgk μ ∂T ∂y , (2.1)

∂^2T ∂y^2 = 1 λ ( ∂T ∂x ∂ψ ∂y − ∂T ∂y ∂ψ ∂x ) . (2.2)

with ∂ψ ∂x (x, 0) = 0 and the matching condition ∂ψ ∂y → 0 as y → ∞. We now define a local Rayleigh number as Ra_x = ρ_∞βgk(T_w(x) − T_∞)x μλ and introduce the following dimensionless similarity variables:

η = (Ra_x)^{1/2} y x , ψ(x, y) = λ(Ra_x)^{1/2}f(η), θ(η) = T (x, y) − T_∞ T_w(x) − T_∞ .

Since the temperature is assumed to decrease away from the wall, we have

0 ≤ θ ≤ 1. (2.3)

In terms of the new variables, it is easy to see that equations (2.1)-(2.2) become

f^{′′} − θ^′ = 0, (2.4) θ^{′′} + α + 1 2 fθ^′ − αf^′θ = 0, (2.5) with f(0) = 0, θ(0) = 1, and f^′(∞) = 0, θ(∞) = 0, (2.6) where the primes indicate differentiation with respect to η. Finally, integrating (2.4), and taking into account the boundary conditions (2.6), we get

f^′ = θ, (2.6)

and (1.1)-(1.4) follow.

For more details on this model, see for example Cheng & Minkowicz 1977, Ene & Poliševski 1987, Kays & Crawford 1993.

3 Properties of the solutions

3.1. Definitions and preliminary remarks According to the previous sections, we will distinguish between solutions of (P_α) for every C^3-function f satisfying (1.1)-(1.3) and physical solutions of (P_α) for every C^3-function f satisfying (1.1)-(1.4).

By setting v = f^′ + α + 1 4 f^2 (3.1)

we easily see that, if f is a solution of (P_α), then v satisfies v^{′′} = 3α + 1 2 f^{′2} on (0, ∞) (3.2) and v(0) = 1 and v(∞) = α + 1 4 f(∞)^2. (3.3)

We see also that the value α = −^1_3 plays a particular role. Actually, if f is a solution of (P_− 1_3 ) then, from (3.2) and (1.2), we get (if we replace the variable η by t) ∀t ≥ 0, f^′(t) + 1 6 f(t)^2 = μt + 1 (3.4) which is a Riccati equation (here μ is a constant which is in fact equal to f^{′′}(0)).

If μ = 0, the constant function f = √ 6 is a particular solution of (3.4). Then, solving (3.4) with the initial condition f(0) = 0 we obtain f(t) = √ 6 tanh t √ 6 which satisfies (1.3). This function is the unique physical solution of (P_− 1_3 ). In fact, according to (1.3), we must have μ ≥ 0 and if μ > 0, we get f^′(t) > 1 for small t > 0. As we will show in §6, there exists an infinite number of solutions to the problem (P_− 1_3 ), satisfying f^{′′}(0) > 0. From (3.4) we see that such solutions will be unbounded.

In one case, we can also find an explicit solution. By setting f = g + a, with a ∈ IR, then (1.1) can be rewritten as g^{′′′} + α + 1 2 ag^{′′} = αg^{′2} − α + 1 2 gg^{′′}. One can show that there exists a solution to the linear equation g^{′′′} + α + 1 2 ag^{′′} = 0 which satisfies g(0) = −a, g^′(0) = 1 and g^′(∞) = 0 and now we see that the equality αg^{′2} − α + 1 2 gg^{′′} = 0 holds if and only if α = 1. By this way, we get as physical solution of (P_1), the function

f(t) = 1 − e^{−t},

and we see also that this method works only for α = 1.

Remark 3.1 The case α = −^1_3 is of special interest. In fact, the energy flux

E(x) = C_1x^{3α+12} ∫_∞ 0 f^′(η)θ(η)dη is constant for this special case, which corresponds to a horizontal line source embedded in a porous medium. Note also that the local heat transfer at the surface of the flat plate can be written as q(x) = C_2x^{3α−12} [−θ^′(0)]

where the values of [−θ^′(0)] increases from 0 at α = −^1_3 to 1 at α = 1. Here we denote by C_1 and C_2 some constants depending on the physical quantities introduced in §2. See Cheng & Minkowicz 1977.

3.2. Qualitative properties of the solutions Let us introduce the initial value problem

f^{′′′} +^{α+1}_2 ff^{′′} − αf^{′2} = 0 f(0) = 0 f^′(0) = 1 f^{′′}(0) = μ (P_{α,μ})

Let f be a solution of (P_{α,μ}) defined on [0, T ), with 0 < T ≤ ∞. Clearly f^′ and f^{′′} cannot vanish at the same point.

On the other hand, if we denote by F any anti-derivative of f, we get the equation ( f^{′′} e^{α+12 F} )_′ = α e^{α+12 F} f^{′2}. (3.5)

Now, we can prove the following lemmas concerning the changes of concavity of solutions of (P_{α,μ}).

Lemma 3.1 Let us assume that α < 0 (resp. α > 0) and let f be a solution on [0, T ) of (P_{α,μ}). For t_0 ∈ [0, T ), we have:

f^{′′}(t_0) ≤ 0 (resp. f^{′′}(t_0) ≥ 0) =⇒ f^{′′} < 0 (resp. f^{′′} > 0) on (t_0, T ).

Proof If α < 0, it follows from (3.5) and the fact that f^′ and f^{′′} cannot vanish at the same point, that the function t −→ f^{′′}(t) e^{α+12 F (t)} decreases and so

∀t > t_0, f^{′′}(t) < f^{′′}(t_0) e^{α+12 (F (t0)−F (t))} ≤ 0.

This completes the proof of this case. For α > 0 the proof is similar.

Now, we are able to give results about the behaviour of the solutions of the boundary value problem (P_α). For the rest of this section, we will denote by f a solution, if it exists, of (1.1)-(1.3).

Proposition 3.1 If α < 0, then f is positive and strictly increasing on (0, ∞). Moreover: • if f^{′′}(0) ≤ 0, then f is strictly concave on [0, ∞), • if f^{′′}(0) > 0, there exists t_0 ∈ (0, ∞) such that f is strictly convex on [0, t_0] and strictly concave on [t_0, ∞).

Proof Assume first that f^{′′}(0) ≤ 0. It follows from Lemma 3.1, that f^{′′} < 0 on (0, ∞), that is to say f is strictly concave on [0, ∞) and f^′ is strictly decreasing on [0, ∞). But f^′(∞) = 0; thus f^′ > 0 on [0, ∞) and f is strictly increasing. Finally, since f(0) = 0, we get f > 0 on (0, ∞).

Now, assume that f^{′′}(0) > 0. There exists t_0 ∈ (0, ∞) such that f^{′′} > 0 on [0, t_0) and f^{′′}(t_0) = 0. Indeed, if not, f^′ would be strictly increasing and thus, since f^′(0) = 1, we could not have f^′(∞) = 0. Next, Lemma 3.1 implies that f^{′′} < 0 on (t_0, ∞) and as in the previous case, we deduce that f^′ > 0 on [t_0, ∞). Moreover, since f^′ ≥ 1 on [0, t_0], we have f^′ > 0 on [0, ∞) and this completes the proof.

Proposition 3.2 If α > 0, then f^{′′}(0) < 0, f is bounded and positive on (0, ∞). Moreover: • either f is strictly increasing and strictly concave on [0, ∞), • or there exists t_0 ∈ (0, ∞) such that f is strictly concave on [0, t_0] and f is strictly decreasing and strictly convex on [t_0, ∞).

Proof First, if f^{′′}(0) ≥ 0, it follows from Lemma 3.1 that f^{′′} > 0 on (0, ∞). Hence f^′ is strictly increasing and we cannot have f^′(0) = 1 and f^′(∞) = 0 together. So, f^{′′}(0) < 0.

Let us assume that f^{′′} does not vanish on (0, ∞). We then have f^{′′} < 0 and f is strictly concave on [0, ∞). Hence, f^′ is strictly decreasing and it follows from (1.3) that f^′ > 0. Consequently, f is strictly increasing and, since f(0) = 0, positive on (0, ∞). Finally, suppose that f is unbounded, which means that f(∞) = ∞. But, for t > 0, we have that − f^{′′′}(t) f^{′′}(t) = α + 1 2 f(t) − α f^′(t)^2 f^{′′}(t) ≥ α + 1 2 f(t) which implies lim_{t→∞} f^{′′′}(t) −f^{′′}(t) = ∞. Then, there exists t_1 such that ∀t ≥ t_1, f^{′′′}(t) ≥ −f^{′′}(t). Now, by integrating between s ≥ t_1 and ∞ we obtain ∀s ≥ t_1, −f^{′′}(s) ≥ f^′(s). (Let us remark that here f^{′′′} > 0 and thus we deduce from (1.3) that f^{′′}(∞) = 0.) Integrating again we get

∀t ≥ t_1, −f^′(t) + f^′(t_1) ≥ f(t) − f(t_1)

and a contradiction with (1.3).

Let us now assume that f^{′′} vanishes and denote by t_0 the point of (0, ∞) such that

f^{′′} < 0 on [0, t_0) and f^{′′}(t_0) = 0.

Thanks to Lemma 3.1, we get f^{′′} > 0 on (t_0, ∞). Therefore, f^′ is strictly increasing on [t_0, ∞) and, due to (1.3), we obtain f^′ < 0 on [t_0, ∞). So, f is strictly convex and strictly decreasing on [t_0, ∞). It remains to prove that f > 0. For that, suppose there exists t_1 > 0 such that f(t_1) ≤ 0. Since f is strictly decreasing on [t_0, ∞), we get f < 0 on (t_1, ∞). Therefore, ∀t > t_1, f^{′′′}(t) = αf^′(t)^2 − α + 1 2 f(t)f^{′′}(t) > 0 and f^′ is convex on [t_1, ∞). But, this is a contradiction with (1.3) and f^′(t_1) < 0. So, f > 0 on [t_0, ∞). On the other hand, f(0) = 0, f(t_0) > 0 and f is concave on [0, t_0], thus f > 0 on (0, t_0]. Finally, f is positive and clearly bounded. The proof is now complete.

Proposition 3.3 If α = 0, then f is strictly increasing, strictly concave and positive on (0, ∞). Moreover f^{′′}(0) < 0 and f is bounded.

Proof By using equation (3.5), we get

∀t ≥ 0, f^{′′}(t) = f^{′′}(0) e^{12 (F (0)−F (t))},

and we see that either f^{′′} ≡ 0, or f^{′′} > 0, or f^{′′} < 0. But, the equalities f^′(0) = 1 and f^′(∞) = 0 show that, necessarily, we must have f^{′′} < 0 and also f^′ > 0 and f > 0 on (0, ∞). To see that f is bounded we argue as in the proof of the previous proposition.

Remark 3.2 If α ∈ [−^1_3 , 0) and f^{′′}(0) > 0, then it follows from (3.1)-(3.2) that ∀t ≥ 0, f^′(t) + α + 1 4 f(t)^2 ≥ f^{′′}(0)t + 1,

and thus f is unbounded.

3.3. Some identities Let us now give some miscellaneous results, which will end this section.

Let f be a solution of (1.1)-(1.2). Multiplying the equation (1.1) by 1, t, f, f^{′′} and integrating by parts, we obtain, for all t such that f(t) exists, the following useful identities:

f^{′′}(t) − f^{′′}(0) + α + 1 2 f^′(t)f(t) =

3α + 1 2 ∫_t 0 f^′(s)^2ds, (3.6)

tf^{′′}(t) + α + 1 2 tf^′(t)f(t) − f^′(t) − α + 1 4 f(t)^2 + 1 =

3α + 1 2 ∫_t 0 sf^′(s)^2ds, (3.7)

f(t)f^{′′}(t) − 1 2 f^′(t)^2 + 1 2 + α + 1 2 f^′(t)f(t)^2 = (2α + 1) ∫_t 0 f(s)f^′(s)^2ds, (3.8) 1 2 f^{′′}(t)^2 − 1 2 f^{′′}(0)^2 − α 3 f^′(t)^3 + α 3 = − α + 1 2 ∫_t 0 f(s)f^{′′}(s)^2ds. (3.9)

Proposition 3.4 Let α ∈ IR and f be a solution of (P_α). We have

lim_{t→∞} f^{′′}(t) = 0 (3.10) and there exists an increasing sequence (t_n) tending to ∞ and such that

lim_{n→∞} f^{′′′}(t_n) = lim_{n→∞} f(t_n)f^{′′}(t_n) = 0 (3.11)

Proof Since f^′(∞) = 0, there exists an increasing sequence (x_n) going to ∞ and satisfying

lim_{n→∞} f^{′′}(x_n) = 0

(one can take x_n such that f^{′′}(x_n) = f^′(n + 1) − f^′(n)). On the other hand, since f ≥ 0, the function t −→ ∫_t 0 f(s)f^{′′}(s)^2ds

is increasing, and we deduce from (3.9) that lim_{t→∞} f^{′′}(t)^2 exists. Then (3.10) holds. Furthermore, choosing (t_n) such that f^{′′′}(t_n) = f^{′′}(n + 1) − f^{′′}(n), and using (1.1) and (1.3) we get (3.11).

4 Nonexistence results

In what follows, we are going to prove that the problem (P_α) has no solution when α ≤ −^1_2 . The arguments used being essentially different, we will distinguish in the proof the cases α ∈ (−∞, −1] and α ∈ (−1, −^1_2 ]. Also, we prove that for α ∈ (−^1_2 , −^1_3 ), we have no physical solution.

Theorem 4.1 For α ≤ −^1_2 , the problem (P_α) has no solution.

Proof for α ≤ −1 Suppose there exists a solution f to the problem (P_α). For t ≥ 0, we have f^{′′′}(t) = αf^′(t)^2 − α + 1 2 f(t)f^{′′}(t). By using Proposition 3.1, we see that there exists t_0 ∈ [0, ∞) such that ∀t > t_0, f^{′′′}(t) < 0 implying that f^′ is concave on [t_0, ∞). But the concavity of f^′ does not allow f^′ > 0 and f^′(∞) = 0 together.

Proof for α ∈ (−1, −^1_2 ] Suppose that f is a solution of (P_α). By Proposition 3.1, we know that f ≥ 0 and f^′ ≥ 0. Hence, using (3.8), (3.11) and (1.3), we can write

0 ≥ lim_{n→∞}(2α + 1) ∫_{tn} 0 f(s)f^′(s)^2ds = lim_{n→∞} ( 1 2 + α + 1 2 f^′(t_n)f(t_n)^2 ) ≥ 1 2 which is absurd.

Theorem 4.2 For α ∈ (−^1_2 , −^1_3 ), the problem (P_α) has no physical solution. Moreover, if f is a solution of (P_α), then,

f^{′′}(0) = −

3α + 1 2 ∫_∞ 0 f^′(s)^2ds and lim_{t→∞} f(t)f^′(t) = 0. (4.1)

Proof Let α ∈ (−^1_2 , −^1_3 ) and f be a solution of (P_α). From relation (3.6) and Proposition 3.1, it follows that 0 ≤ − 3α + 1 2 ∫_t 0 f^′(s)^2ds ≤ f^{′′}(0) − f^{′′}(t).

Hence, using (3.10), we have that f^′ ∈ L^2(0, ∞) and 0 < − 3α + 1 2 ∫_∞ 0 f^′(s)^2ds ≤ f^{′′}(0).

The nonexistence of physical solution to (P_α) then follows from the positivity of f^{′′}(0).

Now, coming back to (3.6) we see that l = (ff^′)(∞) exists and is nonnegative. Suppose that l > 0. Then, there is a t_0 such that t ≥ t_0 =⇒ f(t)f^′(t) < 3l 2 . Therefore, for t ≥ t_0, we have ∫_t t_0

2f^′(s)f(s)ds ≤ 3l(t − t_0)

which gives f(t)^2 ≤ 3l(t − t_0) + f(t_0)^2. Then,

f^′(t)^2 ∼ l^2 f(t)^2 ≥ l^2 3l(t − t_0) + f(t_0)^2 ∼ l 3t when t → ∞

contradicting the fact that f^′ ∈ L^2(0, ∞). So, l = 0 and the first relation of (4.1) follows by passing to the limit in (3.6).

5 Existence for α ≥ −^1_3

In this part, we will prove that, for α ≥ −^1_3 , the problem (P_α) has at least one physical solution.

To get existence of such a solution for α > 0, it is possible to rewrite the differential equation (1.1) as a first-order system, and adapt an idea given in Coppel 1960 and Hartman 1964 for a similar problem involving the Falkner-Skan equation (see also Utz 1978 and Belhachmi, Brighi & Taous 2000a). But, for easy of presentation, we prefer to give a proof in term of the original variable f.

Theorem 5.1 If α ≥ −^1_3 , the problem (P_α) has a physical solution f_∗, which is strictly concave and also satisfies ∀t ≥ 0, 0 ≤ f_∗(t) ≤ 2 √ α + 1

. (5.1)

Proof of existence for α ∈ [−^1_3 , 0] We already have existence for α = −^1_3 , so we can assume −^1_3 < α ≤ 0. Let us consider the initial value problem (P_{α,μ}) introduced in §3.2 with μ ≤ 0. Denote by f_μ the solution of (P_{α,μ}) and by [0, T^μ), its right maximal interval of existence. Note that we can have T^μ < ∞; for example, this is the case for α = 0 and large values of −μ (see Coppel 1960 or Belhachmi, Brighi & Taous 2000b).

Thanks to Lemma 3.1, we see that f_μ is affine or strictly concave. Moreover, if −μ is large enough, then f^′_μ becomes negative from some t_1 > 0. Indeed, if f^′_μ does not vanish, then T^μ = ∞, 0 < f^′_μ ≤ 1 and f_μ ≥ 0. Therefore, we deduce from the identity (3.6) that f^{′′}_μ (t) − μ ≤ 3α + 1 2 ∫_t 0 f^′_μ(s)^2ds ≤

3α + 1 2 t. Upon integration one obtains ∀t > 0, 3α + 1 4 t^2 + μt + 1 > 0,

from which we get μ > − √ 3α + 1.

Now, if we set A = {μ ≤ 0 ; f^′_μ > 0} and μ_∗ = inf A, we have μ_∗ > −∞. Let us remark that A is not empty, since 0 ∈ A ; in fact, if f^′_0(t_0) = 0, then (3.6) gives f^{′′}_0 (t_0) > 0 and a contradiction.

Let f_∗ be the solution of (P_{α,μ∗} ). If μ_∗ /∈ A, then f^′_∗ becomes negative from some point, and so f^{′′}_∗ < 0 leads to a contradiction. Therefore μ_∗ ∈ A. It follows that T_∗ = ∞ and there exists λ_∗ ≥ 0 such that

lim_{t→∞} f^′_∗(t) = λ_∗.

Let T be any positive number. Let (μ_n) be an increasing sequence converging to μ_∗. Because of the lower semicontinuity of the map μ −→ T^μ, there is an integer N such that for all n ≥ N, the solution f_n of (P_{α,μn} ) is defined on [0, T ]. By continuity, we have

lim_{n→∞} f_n(T ) = f_∗(T ).

But, if we write the identity (3.7) at t_n, with t_n the point where f_n achieves its maximum, we get ∀t ≥ 0, f_n(t) ≤ 2 √ α + 1 . Thus the estimate (5.1) holds and necessarily λ_∗ = 0. Finally, f_∗ is a physical solution of (P_α).

Proof of existence for α > 0 Let us consider again the initial value problem (P_{α,μ}) with μ ≤ 0, and denote by f_μ its solution and by [0, T^μ) its right maximal interval of existence. First of all, let us remark that f_μ(t) exists as long as f^′_μ(t) ≥ 0 and f^{′′}_μ (t) ≤ 0. Thanks to Lemma 3.1 and since for every μ ≤ 0 we cannot have f^′_μ(t) = f^{′′}_μ (t) = 0 at some point t, it follows that there are just three possibilities:

(a) f^{′′}_μ becomes positive from a point t_0 for which f^′_μ > 0, (b) f^′_μ becomes negative from a point t_1 for which f^{′′}_μ < 0, (c) f^{′′}_μ and f^′_μ do not vanish.

Since f^{′′}_0 (0) = 0 and f^{′′′}_0 (0) = α > 0, we see that f_0 is of type (a) with t_0 = 0, hence, by continuity, this must be so for f_μ if −μ > 0 is small.

On the other hand, as long as f^′_μ(t) ≥ 0 and f^{′′}_μ (t) ≤ 0, we have f_μ(t) ≥ 0 and f^′_μ(t) ≤ 1, in such a way that, by using (3.6) we get f^{′′}_μ (t) ≤ μ + 3α + 1 2 t and f^′_μ(t) ≤ 1 + μt +

3α + 1 4 t^2.

Consequently, if we choose −μ large enough, then f_μ is of type (b).

Now, if A = {μ < 0 ; f_μ is of type (a)} and B = {μ < 0 ; f_μ is of type (b)}, then A ≠ ∅, B ≠ ∅ and A ∩ B = ∅. Moreover, both of A and B are open sets and therefore there is a μ_∗ < 0 such that the solution f_∗ of (P_{α,μ∗} ) is of type (c) and exists on the whole interval [0, ∞). Since, for this solution we have f^{′′}_∗ < 0 and f^′_∗ > 0, there exists λ_∗ ≥ 0 such that lim_{t→∞} f^′_∗(t) = λ_∗.

Suppose that λ_∗ > 0. We have f^{′′′}_∗ = − α + 1 2 f_∗f^{′′}_∗ + α(f^′_∗)^2 ≥ α(f^′_∗)^2 > αλ^2_∗

from which, by integrating, we get ∀t ≥ 0, f^{′′}_∗ (t) > μ_∗ + αλ^2_∗t, and a contradiction with the negativity of f^{′′}_∗ . Finally, λ_∗ = 0. It remains to prove (5.1). We know from Proposition 3.2, that f_∗ is bounded. Hence, using the concavity of f_∗, one can show that lim_{t→∞} tf^′_∗(t)f_∗(t) = lim_{t→∞} tf^{′′}_∗ (t) = 0

and passing to the limit in (3.7), we get

α + 1 4 f_∗(∞)^2 = 1 −

3α + 1 2 ∫_∞ 0 sf^′_∗(s)^2ds. (5.2)

and (5.1) follows.

Remark 5.1 By using the concavity of f_∗, we have sf^′_∗(s) ≤ f_∗(s) and ∫_∞ 0 sf^′_∗(s)^2ds ≤ 1 2 f_∗(∞)^2.

Therefore (5.2) gives the following estimate: 2 √ 4α + 2 ≤ f_∗(∞) ≤ 2 √ α + 1 .

6 The question of uniqueness

This section deals with uniqueness questions of solutions or physical solutions of the problem (P_α). The case α = −^1_3 is very interesting ; we saw in the §3 that the problem (P_− 1_3 ) has one and only one physical solution, given by f(t) = √ 6 tanh t √ 6 , whereas we will prove there are an infinite number of solutions of (1.1)-(1.3).

For α ∈ [0,^1_3 ], we prove that (P_α) has a unique solution, which is the physical one, but for α >^1_3 we just are able to get uniqueness for the physical solution.

If −^1_3 < α < 0, we do not know if uniqueness holds, even for physical solutions.

Theorem 6.1 For α ≥ 0, the problem (P_α) has one and only one physical solution.

Proof Let f_1 and f_2 be two solutions of (1.1)-(1.4). Denote μ_i = f_i^{′′}(0) for i = 1, 2 and assume that μ_1 > μ_2. Let us now introduce the function h = f_1 − f_2. One has h(0) = 0, h^′(0) = 0 and h^{′′}(0) = μ_1 − μ_2 > 0. Since h^′(∞) = 0, there is a point t_0 > 0, such that h^′ > 0 on (0, t_0], h^{′′}(t_0) = 0 and h^{′′′}(t_0) ≤ 0. (6.1)

Moreover h(t_0) > 0. Now, using the equality f_1^{′′}(t_0) = f_2^{′′}(t_0) and since f_i^{′′} < 0 and f_i^′ > 0, we can write

h^{′′′}(t_0) = f_1^{′′′}(t_0) − f_2^{′′′}(t_0) = αh^′(t_0)(f_1^′(t_0) + f_2^′(t_0)) − α + 1 2 f_1^{′′}(t_0)h(t_0)

which gives h^{′′′}(t_0) > 0 and a contradiction with (6.1).

Theorem 6.2 For α ∈ [0,^1_3 ], the problem (P_α) has no other solution than the physical one.

Proof For α = 0, this follows from Proposition 3.3. Assume now that α ∈ (0,^1_3 ). Let f be a solution of (P_α) and suppose that f does not satisfies (1.4). Therefore, it follows from Proposition 3.2, that there exists t_0 > 0 such that f^{′′}(t_0) = 0, f^′ < 0 and f^{′′} > 0 on (t_0, ∞). Since f^{′′}(∞) = 0 there is a point t_1 such that f^{′′′}(t_1) = 0 and f^{′′′′}(t_1) ≤ 0. But f^{′′′′} = − α + 1 2 ff^{′′′} + 3α − 1 2 f^′f^{′′} and thus we get a contradiction, since

f^{′′′′}(t_1) = 3α − 1 2 f^′(t_1)f^{′′}(t_1) > 0.

Finally, let f be a solution of (P 1_3 ). As in the Homann case, we have f^{′′′′} = − 2 3 ff^{′′′} in such a way that, if there is a t_0 satisfying f^{′′′}(t_0) = 0, then f is the solution of the initial value problem f^{′′′′} +^2_3 ff^{′′′} = 0 on (0, ∞), f(t_0) = λ_1, f^′(t_0) = λ_2, f^{′′}(t_0) = λ_3, f^{′′′}(t_0) = 0, and necessarily, we have f(t) = λ_3 2 (t − t_0)^2 + λ_2(t − t_0) + λ_1

and a contradiction with f^′(∞) = 0. Since f^{′′′}(0) =^1_3 , then f^{′′′} > 0 and f^{′′} is increasing. But f^{′′}(∞) = 0, thus f^{′′} < 0 and f^′ satisfies (1.4).

We are going to prove now that we have an infinite number of solutions to (P_− 1_3 ). To this end, let us consider the following initial value problem: { f^′(t) +^1_6 f(t)^2 = at + 1 f(0) = 0

(R_a)

where a ∈ IR. If for some a, the problem (R_a) has a solution f defined on [0, ∞) and satisfying f^′(∞) = 0, then it is a solution of (P_− 1_3 ).

Theorem 6.3 For any a ≥ 0, the problem (R_a) has one and only one solution f_a, defined on [0, ∞) and satisfying lim_{t→∞} f^′_a(t) = 0.

It is a solution of (P_− 1_3 ).

Proof As we have already seen, the case a = 0 has an exact solution. Now, for a > 0, let f be the solution on [0, T ) of the problem (R_a). We have f^′(0) = 1 and f^{′′}(0) = a, and since f and f^′ are positive and increasing as long as f^{′′} > 0, we deduce from the equality f^{′′} = − ff^′ 3 + a, (6.2)

that f^{′′} has a zero, at some t_0 > 0. Further, according to Lemma 3.1, we have f^{′′} < 0 for t ∈ (t_0, T ). Since f^′ ≥ 1 on [0, t_0), and cannot vanish on (t_0, T ), because if f^′(t_1) = 0, we get from (6.2) that f^{′′}(t_1) = a > 0, a contradiction. Therefore T = ∞ and f^′ > 0 on [0, ∞). Since f^{′′} < 0 for t > t_0, the limit f^′(∞) = c exists and is nonnegative. If c > 0, then ff^′ → ∞ and (6.2) shows that f^{′′} → −∞ and f^′ must become negative, a contradiction. Hence c = 0. The proof is now complete.

7 Conclusion

For the full problem (1.1)-(1.4), we have proved that there is no solution for α < −^1_3 , at least one solution for −^1_3 < α < 0 and one and only one solution for α = −^1_3 and α ≥ 0. Our feeling is that uniqueness still holds for −^1_3 < α < 0, but up to now, we are unable to prove this fact. Another open question for these values of α, is to know if a solution of (1.1)-(1.4) is bounded. It is easy to see that it is the case if and only if f^′ ∈ L^2(0, ∞). Actually, we know that the solution of (1.1)-(1.4) constructed in the proof of Theorem 5.1 is bounded, and the bound is the one given in Remark 5.1, but if there are other solutions, we cannot be positive about boundedness.

For the problem (1.1)-(1.3), many questions are still without answer. For example, if α ∈ (−^1_2 , −^1_3 ) is there a solution? Numerical attempts seem to indicate that there should be (see Banks 1983 or Ingham & Brown 1986). For α >^1_3 , we do not know if there exist solutions f for which (1.4) does not hold. Taking into account that we know for α = −^1_3 there are infinite number of solutions, and for α ∈ [0,^1_3 ] there si no other solution than the one satisfying (1.4), it is not very easy to guess what happens in the other cases.

Acknowledgements

The authors wish to thank an anonymous referee for valuable hints and remarks, that led to simplify some proofs, and in particular rewrite the second part of the proof of Theorem 5.1, and the proof of Theorem 6.3. They also thank J.R. Ockendon for bringing some engineering literature to their attention.

References

BANKS W. H. H., Similarity solutions of the boundary layer equations for a stretching wall. J. de Mécan. théor. et appl. 2 (1983) 375-392

BANKS W. H. H., ZATURSKA M. B., Eigensolutions in boundary layer flow adjacent to a stretching wall. IMA J. Appl. Math. 36 (1986) 263-273 BELHACHMI Z., BRIGHI B., TAOUS K., Solutions similaires pour un problèmes de couches limites en milieux poreux. C. R. Acad. Sci. Paris, t. 328, Série II b (2000a) 407-410.

BELHACHMI Z., BRIGHI B., TAOUS K., On the concave solutions of the Blasius equation. Acta Math. Univ. Comenianae, LXIX, 2 (2000b) 199-214.

CHAUDARY M. A., MERKIN J. H., POP I., Similarity solutions in free convection boundary layer flows adjacent to vertical permeable surfaces in porous media. I : Prescribed surface temperature. Eur. J. Mech. B-Fluids, 14 (1995a) 217-237.

CHAUDARY M. A., MERKIN J. H., POP I., Similarity solutions in free convection boundary layer flows adjacent to vertical permeable surfaces in porous media. II : Prescribed surface heat flux. Heat and Mass Transfer, 30 (1995b) 341-347.

CHENG P., MINKOWYCZ W. J., Free Convection About a Vertical Flat Plate Embedded in a Porous Medium With Application to Heat Transfer From a Dike. J. Geophys. Res. 82 (14) (1977) 2040-2044.

COPPEL W. A., On a differential equation of boundary layer theory. Phil. Trans. Roy. Soc. London, Ser. A 253 (1960) 101-136.

CRANE L. E., Flow past a stretching plane. Z. Angew. Math. Phys. 21, (1970) 645-647. ENE H. I., POLIŠEVSKI D., Thermal Flow in Porous Media. D. Reidel Publishing Company, Dordrecht, 1987.

FALKNER V. M., SKAN S. W., Solutions of the boundary layer equations. Phil. Mag., 7/12 (1931), 865-896.

HARTMAN P., Ordinary Differential Equations. John Wiley & Sons, Inc., New York, London, Sidney, 1964.

HASTINGS S. P., TROY W. C., Oscillating solutions of the Falkner-Skan equations for negative β. Siam J. Math. Anal. Vol. 18, No. 2, (1987) 422-429.

HASTINGS S. P., TROY W. C., Oscillating solutions of the Falkner-Skan equations for positive β. J. Differential Equations, 71, No. 1, (1988) 123-144.

INGHAM D. B., BROWN S. N., Flow past a suddenly heated vertical plate in a porous medium. Proc. R. Soc. Lond. A 403 (1986) 51-80.

KAYS W. M., CRAWFORD M. E., Convective Heat and Mass Transfer. Mc Graw Hill, Inc., 1993.

MAGYARI E., KELLER B., Exact solutions for self-similar boundary layer flows induced by permeable stretching walls. Eur. J. Mech. B-Fluids, 19 (2000) 109-122. MERKIN J. H., ZHANG G. On the similarity solutions for free convection in a saturated porous medium adjacent to impermeable horizontal surfaces. Wärme-und Stoffübertr, 25 (1990) 179-184.

PRANDTL L. L., Über Flüssigkeitsbewegungen bei sehr kleiner Reihung. Verh.d. III. Int. Math.-Kongr. Heidelberg 1904, Leipzig : Teubner 1905, 484-494.

PRANDTL L. L., Mechanics of viscous fluids. In Aerodynamics Theory, W. F. Daniel, ed, Berlin, 3, 34-208, 1935.

ROSENHEAD L., Laminar Boundary Layers. Oxford University Press, 1963. STUART J. T., Double boundary layers in oscillatory viscous flow. J. Fluid Mech. 24 (1966) 673-687.

UTZ W. R., Existence of solutions of a generalized Blasius equation. J. Math. Anal. Appl. 66, (1978) 55-59.

WALTER W., Differential and Integral Inequalities. Springer-Verlag, Berlin Heidelberg New York, 1970.

WEYL H., On the differential equations of the simplest boundary-layer problem. Ann. Math. 43 (1942) 381-407.