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Abstract

A Lie-admissible algebra gives a Lie algebra by anticommutativity. In
this work we describe remarkable types of Lie-admissible algebras such
as Vinberg algebras, pre-Lie algebras or Lie algebras. We compute the
corresponding binary quadratic operads and study their duality. Consid-
ering Lie algebras as Lie-admissible algebras, we can define for each Lie
algebra a cohomology with values in a Lie-admissible module. This per-
mits to study some deformations of Lie algebras, in particular classes of
Lie-admissible algebras such as Vinberg algebras or pre-Lie algebras.

1 Lie-admissible algebras

1.1 Definition

Let A = (A,p) be a finite dimensional algebra over a commutative field K
of characteristic zero. In this notation, g is the law of A, that is a linear

homomorphism
p:A®A—+ A

on the vector space A.
We denote by a, : A®3 — A the associator of the law p :

ay (X1, X2, X3) = p (1 (X1, X2), X3) — (X1, p (X2, X3)) .
Let 3, be the symmetric group of degree n. For every o € X3, we put
0 (X1, Xa, X3) = (X,-1(1), Xo-1(2), Xo-1(3)) -
Definition 1.1 The algebra A = (A, p) is called Lie-admissible if the law p
satisfies
Z (1) g, 00 =0. (%)

ogEX3

This definition ([1]) is equivalent to saying that the mapping [,],: A® A — A
defined by [X,Y] = u(X,Y) — u(Y, X) is a Lie bracket. We will denote by A,
the corresponding Lie algebra.



1.2 Examples

1. Every associative algebra (not necessarily unitary) is a Lie-admissible algebra.
2. An algebra A = (A, p) is a Vinberg algebra ([13]) (also called left symmetric
algebra ([9])) if its law satisfies

M(X:N(Y, Z)) - :U'(YJM(XJ Z)) = N(”(Xa Y)a Z) - :u'(:u(YaX)a Z)'

It is also a Lie-admissible algebra.

3. Of course a Lie algebra law is a law of Lie-admissible algebra, the Jacobi
conditions implying ().

4. A pre-Lie algebra ([6]) (sometimes called right symmetric algebra ([5])) is
defined by a law g such that

/‘L(H(Xa Y),Z) - /L(X,/L(Y, Z)) = ,LL(/L(X, Z),Y) - H(X,H(Z, Y))

It is a Lie-admissible algebra. Let us note that the opposite of a pre-Lie algebra
is a Vinberg algebra.

Remarks. Every associative algebra is a Vinberg algebra and a pre-Lie algebra.
A Vinberg algebra is a pre-Lie algebra if and only if all the associators are
invariant under X3

A, 00 =0a,0T

for every 7 and o in 3.
A Lie algebra is associative (respectively Vinberg, respectively pre-Lie alge-
bra) if and only if it is 2-step nilpotent.

1.3 Geometrical interpretation

Let g be a real Lie algebra equipped with an affine structure. The associated
covariant derivative v/ satisfies

{ VXY_VYX_ [X,Y] =0
Vx Vy —Vy Vx = V[x,Y]

Then the product u(X,Y) = vxY endows the vector space g with a Vinberg
algebra structure. As we have [X,Y] = pu(X,Y) — u(Y,X), every Lie alge-
bra provided with an affine structure is associated to a Lie-admissible algebra
which is in this case a Vinberg algebra. More generally, every Lie algebra is
associated to a Lie-admissible algebra. In fact it is sufficient to consider Levi
Civita connections (which always exist). As the torsion vanishes, the covariant
derivative satisfies the first of the previous equations and u(X,Y) = yxY is a
Lie-admissible algebra such that [X,Y] = [X,Y],.

We may therefore consider the set of Lie-admissible algebras as the set of
invariant linear torsion-free connections on Lie algebras. In fact, if u is a law of
admissible algebra, putting 7xY = u(X,Y) then v/ defines a linear connection
if the Bianchi identities are satisfied. Let us denote R(X,Y’) the curvature
tensor corresponding to v7. As p is an Lie-admissible law, we have R(X,Y).Z +



R(Y,Z).X + R(Z,X).Y =0 and the first identity is satisfied. Considering the
second one we can prove that

(VxR)(Y,Z) + (Vv R)(Z,X) + (VzR)(X,Y) = 0.

Using the relations (v xR)(Y,Z) = vx(R(Y,Z)) — R(vxY,Z) — R(Y,vxZ),
and V[x,y] = VyxY — VyyXx, We deduce the second identity.

1.4 Actions of the symmetric group ),

Definition 1.2 Let G be a subgroup of > ,. We say that the algebra law p is
G-associative if it is invariant by G, that is,

Z(—l)s(")au oo =0.

oceG

The subgroups of >, are well known. We have Gy = {Id},G> = {Id, 112},G3 =
{Id,723},G4 = {Id,13},G5 = {Id, (231),(312)} = A3 (the alternating group),
Ge¢ = ) 5 where 7;; is the transposition between ¢ and j and (231) a 3-cycle.
We may distinguish the following types of Lie-admissible algebras :

1. If p is Gy-associative then p is an associative law.

2. If u is Ga-associative then yu is a law of Vinberg algebra. If A is finite-
dimensional, the associated Lie algebra is provided with an affine structure.

3. If u is Gz-associative then p is a pre-Lie algebra.

4. If u is G4-associative then p satisfies

(XY).Z-X.(Y.Z)=(Z2Y)X - Z(Y.X)
5. If p is Gs-associative then p satisfies the generalized Jacobi condition :
XYV)Z+{Y2O)X+(ZX)Y=X.Y2)+Y(ZX)+ Z.(XY)

Moreover if the law is antisymmetric, then it is a law of Lie algebra.
6. If u is Gg-associative then p is a Lie-admissible law.

Example. Let us consider the vector space C*°(R,R) of real infinitely derivable
functions with values in R. We can endow this space with the following algebra
structures :

1. p1(f,g9) = f-g and (C®°(RR),u ) is associative (type 1)

2. ua(f,9) = f.g' and (C*(R,R),us) is a Vinberg algebra (type 2)

3. u3(f,9) = f'.g and (C*°(R,R),us) is a pre-Lie algebra (type 3)

4. pa(f,9) = .9+ f.¢' and (C®°(R,R),u4) is invariant by G4 (type 4).

Suppose that p is invariant by G5. If this law is also antisymmetric then it is
a Lie algebra law. This shows that the definition of G5-invariance gives another
generalization of ”non-commutative” Lie algebras than the notion of Leibniz
algebras.



1.5 G-cogebras

In this section we introduce the notion of cogebra dualizing the G;-associative
algebras. This leads to present the definition in the category Vectk of K-vector
spaces.

Definition 1.3 A G;-associative algebra is a pair (A, p) where A is a vector
space and p : A® A :— A a linear mapping satisfying the following axiom
(Gi-ass):

The square

Ao Aded PP 404

(Id®n)g, l ul

ApA —L5 4
commutes, where (Id ® p)q, is the linear mapping defined by :

(Id@p)g, = Y () (Id®p)oo.
c€G;

Let A be a comultiplication on a vector space C:
A:C—CoC.

We define the bilinear mapping G; o (A ® Id) by
Gio(A®Id) =Y (-1)oo(AId).
c€G;

Definition 1.4 A G;-cogebra is a vector space C equipped with a comultiplica-
tion A : C — C' ® C such that the following diagram is commutative :

C 4, loX-Xe;
Al le(Id@A)
cec Zele oo

The next results relate G;-algebras and G;-cogebras.
Proposition 1.1 The dual space of a G;-cogebra is a Gj-associative algebra .

Proof. Let (C, A) a G;-cogebra. Let us consider the maps A : C*@C* — (C®C)*
given by A(f ® g)(v®u) = f(u) ® g(v) and 7 : C* @ C* — C* ® C* defined by
7(u ® v) = v ® u. Let us consider the law g = A* o Ao 7. It provides the dual
space C* with a Gj-associative algebra. In fact we have

p(fi @ fo)(@) = A% o Mfo ® f1)(z) = A(f2 ® f1)(A(2))



for all fi,fo € C*,z € C. We denote X Y = A(z),X; ® Xo = A(X) and
Y1 ®Y, = A(Y) (we use the sigma notation and we forget the sigma). This
gives

u(fr ® f2)(x) = f1(X) f2(Y).

The associator of y is written :

wp(fr@f2)@ f3) (@) —p(frou(fo®f3))(@) = (128 f3)(X1@X0Y —X QY 0Y3)

and the property of the comultiplication A is equivalent to

Y (D)oo (AR Id)(A@) = Y (-1)oo(Id® A)(A(z))

o€G; oeqG;

that is
(D) rAX)@Y) = D (-1)o(X @ A(Y))
oeG; ceG;
or
Y (D)o(X; @ XY - X ®Y; ®Y;) =0.
ceG;

This relation proves that the associator of u satisfies the same relation.

Proposition 1.2 The dual vector space of a finite dimensional G;-associative
algebra has a G;-cogebra structure.

Proof. Let A a finite dimensional G;-associative algebra and let {e;,i = 1,...,n}
be a basis of A. If {f;} is the dual basis then {f; ® f;} is a basis of A* @ A*.
Let us put

A(f) = Zf(#(ei ®e;))fi ® fj-

In particular

Af) =) CEfi® f
i

where Cj; are the structure constants of y related to the basis {e;}. Then A is
the comultiplication of a G;-cogebra.

2 Lie-Admissible operads

2.1 Binary quadratic operads

Let K[X,] be the K-group algebra of the symmetric group ¥,,. An operad P is
defined by a sequence of K-vector spaces P(n), n > 1 such that P(n) is a right
module over K[}~ ] with composition maps

0; : P(n) @ P(m) > P(n+m —1) i=1,..,n

satisfying some ”associative” properties, the May Axioms ([11], [12]).



Any K[%2]-module E generates a free operad noted F(E) satisfying F(E)(1) =
K, F(E)(2) = E. In particular if E = K[%5], the free module F(E)(n) admits
as a basis the ”"parenthized products” of n variables indexed by {1,2,...,n}.
For instance a basis of F(E)(2) is given by (z1.xz2) and (z2.21), and a basis of
F(E)(3) is given by

{((.CL’Z.’L‘]).'L'k) . (.CL’Z(.CL’].'L'k)) JAFjAEEF4,0,5,k € {1,2,3}} .

Let E be a K[¥s]-module and R a K[X3]-submodule of F(E)(3). We denote
R the ideal generated by R, that is the intersection of all the ideals Z of F(E)
such that Z(1) = 0,Z(2) = 0 and Z(3) = R.

We call binary quadratic operad generated by E and R the operad P (K, E, R),
also denoted F(E)/R and defined by

F(E)(n)

P(X, B, R)(n) = (F(E)/R)(n) = =8

Thus an operad P is binary quadratic operad if and only if there exists a K[X5]-
module E and a K[X3]-submodule R of F(E)(3) such that P ~ F(E)/R.

Example. The associative operad Ass, the Lie operad Lie, the Leibniz operad
Leib are binary quadratic operads ([7],[10]).

2.2 Lie-Admissible operads

Let F(E) be the free operad generated by E = K[X,]. Consider the K[X3]-
submodule R generated by the vector

u = o1.(x2.23) + T2-(x3.21) + 23.(X1.22) — T2.(21.23) — T3.(X2.21)
—.%'1.(1173 .112'2) - (1'1.33'2)..’173 - ($2.£L'3).£L'1 - (.%'3.1’1).1‘2 + (33'2..%'1)..’173
+(.’L‘3..’E2)..’E1 =+ (Il,'l..’lfg).mz

The Lie-Admissible operad, denoted LieAdm is the binary quadratic operad
defined by
LieAdm = F(E)/R

For each of the above six types of Lie-admissible algebras there exists the cor-
responding operad. We obtain the following binary quadratic operads :

1. Ass corresponding to associative algebras.

2. Vinb corresponding to Vinberg algebras. Here the K[} ,]-submodule is
generated by the vectors

21.(z2.x3) — (21.22).23 — 2.(21.23) + (T2.21).23.

3. PreLie corresponding to pre-Lie algebras (Gs-associative). The vectors
which generate the ideal R are :

1’1.(1172 ..’L’3) — (371..’1:'2)..’):'3 — 3&'1.(3&'3.1‘2) + (1’1.373).372.



This operad had appeared recently (see for example ([4])). It is clear that the
operads PreLie and Vinb are isomorphic.

4. G4 — Ass corresponding to G4—associative algebras. The ideal R is
generated by

z1.(22.73) — (T1.72).w3 — T3.(T2.71) + (23.72).T1.
5. G5 — Ass corresponding to G5 —associative algebras. R is generated by
z1.(x2.23) — (21.22).73 + T2.(3.21) — (T2.73).21 + 23.(T1.22) — (T3.21).22.

6. LieAdm. This operad has already been described above

2.3 The composition product of LieAdm

Let o; the fundamental Gerstenhaber product defined in [6]. It permits to
describe the composition product of the operad Adm as well as for other operads
defined above. For every v™ € LieAdm(n) and w™ € LieAdm(m) we put

mown= XY (el o)

i=1,0m 0€EY i1

As we can define a composition product for each operad we will index each
product with the index of the subgroup of )", which characterizes the operad.
Thus ®; correspond to the composition product of Ass, ®5 for Vinb etc and
©¢ for Lie Adm. Let us note that ®; corresponds to o in [6]. We will study with
more details these product later in the section 5.

2.4 The dual operad LieAdm'

Let us consider the binary quadratic operad P(K, E, R). Then the dual binary
quadratic operad is definied by

P' =P EY,RY)

where EV is the dual of E tensored by the signum representation of ¥,, and R+
the orthogonal complement to R in F(EV)(3) = F(E)(3)V. This identification
is nontrivial and uses a pairing discussed later on.

Before studying the dual operads of each Lie-Admissible operad defined above,
let us introduce some classes of associative algebras.

Definition 2.1 An associative algebra A is called 3-order abelian if we have
X1 X2 X3 = X, (1) Xo(2) Xo(3)

for all o € X3 and for all X; € A.



Unitary 3-order abelian algebras are the commutative algebras. But there
exists non commutative 3-order abelian algebras. For example, the five dimen-
sional associative algebra defined by

2 _ 3 _ — — 2 _
€1 = €2, €, = es3, €164 = €5, egeq —63+65, €, = €3.

If A is a 3-order abelian algebra, then the subalgebra D(A) generated by the
product zy is abelian. Then A is an extension

0V ->A—-4,->0

where A; is abelian and V satisfying vz = zv for all x € 41 and v € V. In
this case, the corresponding Lie algebra is 2-step nilpotent. In fact, as we have
abc = bac, therefore [a,blc = 0. We have also c[a,b] = 0 thus [[a,b],¢] = 0.
Return to the geometrical interpretation. Such a Lie algebra is provided with
an affine connection with trivial torsion and curvature. Moreover the connection
satisfies

Vx =0

for all X in the center and
VxVy =VyVx

for any generators X and Y.

Let us consider now the scalar product on F(E)(3) defined by

SN ey 1 2 3
<i(jk),i(jk) >=sgn( ;5 )
.. .. 1 2 3
< (Z])k, (ZJ)k >= —sgn( i .7 k )

Let R be the K[X3]-submodule which determines the LieAdm operad. The
annihilator R+ respect to this scalar product is of dimension 11. Let R' be the
K[2s3]-submodule of F(E)(3) generated by the vectors

(T122)T3 — T1(T23),
(371562)333 - (371563)332,
IL'1.’L'2).’L‘3 - (IL'Q.’L'l).’L‘;;.

Then dim R’ = 11 and < u,v >= 0 for all v € R' where u is the vector which
generates R. This implies R’ ~ Rt and (F(E)/R)" is by definition the quadratic
operad F(E)/R*.

Proposition 2.1 The dual operad of LieAdm is the binary quadratic operad
whose corresponding algebras are associative and satisfy

abc = achb = bac

that is they are 3-order abelian.



Return to the remaining classes of Lie-admissible algebras. One knows that
Ass' = Ass ([7]) and PreLie' = Perm ([4]). Recall that the last operad
describes associative algebras satisfying also :

abc = acb

Proposition 2.2 The dual operads of Vinb, G4 — Ass, G5 — Ass are quadratic
operads whose corresponding algebras are associative algebras satisfying respec-
tively :

- for Vinb' : abc = bac

- for G4 — Ass' : abc = cba

- for G5 — Ass' : abc = bca = cab.

Sketch of proof. Ry is the K[> ,]-sub-module of F(E)(3) generated by the
vectors

(.’171. ($2.$3) - (111'1..’172) ..’L’3) s (.’13'1. (.Z'Q.l’g) — X2. (.%'1.1'3))

for all x1,T2,T3 € E.
Similary

Ri‘ = <($1.($2.$3) — (.761..(62)..(53), ($1.($2.$3) — .’1:3.(:[32..1'1)))
Ri = ((x1.(x9.23) — (1.29).23), (x1.(x2.73) — T2.(x3.71)),

(.Z'l.(.fL'2.$3) — $3.($1.$2)))

and dim R = 9, dim R& = 10. The rest follows from the definition of the
quadratic dual.

2.5 Koszul duality

Recall that a quadratic operad P is called Koszul if for every P-free algebra
Fp(V) one has HF (Fp(V)) =0, i>0.

Proposition 2.3 The operads Ass, Vinb, PreLie are Koszul operads. The
operads G4 — Ass and G5 — Ass are not Koszul operads.

Proof. Tt follows from [G.K] and [G] thqt the operads Ass, PreLie are Koszul
operads. Considering the relations between PreLie and Vinb, these two oper-
ads are basically equivalent. For the two others, we will show that there are
not Koszul inspecting their Poincare series and using the Ginzburg-Kapranov
criterium. These series are defined for a general operad P by

o0
xn

gp(@) = 3 (=1)"dimP(n)

! ?
n:
i=1

The Poincare series for a Koszul operad and for its dual operad are connected
by the functional equation

gr(gp:(2)) = 2.



But we have

3 59 1 1
9G.— Ass(T) = —m+w2—§w3+?m4+... s 9Ga—ass (T) = —m+x2—§x3—zm4+...
10 39 1 1
9Gs—Ass(T) = —x+a:2—§x3+ﬂm4+... s 96, Asst(T) = —x+m2—§w3+ﬁx4+...

These series do not satisfy the above functional equation. This finishes the proof
of the proposition.

3 The categories G;-ASS

3.1 Functorial correspondence

Let LIE and LIE — AD be the categories of Lie algebras and Lie-admissible
algebras over K. The correspondence

T:LIE-AD — LIE
is a functor whose dual functor corresponds to the application
T*:LIE — LIE — AD

with T*(u) = u (we identify a Lie algebra with its law).

3.2 The functor A ® —

It is well known that the category ASS of associative algebras on K is a tensorial
category. The categories LIE — AD and G; — ASS for i # 1 do not have this
property. In this section we will prove that the functor A ® — determines a
duality between the algebras over the operad G; — Ass and algebras on the dual
operad G; — Ass'.

Theorem 3.1 Let A be a G;-associative algebra. Then A ® — is a covariant
functor

A®—:(G;—ASS)' — G; — ASS

where (G; — ASS)' is the category of algebras corresponding to the algebras over
the dual operad G; — Ass'.

Proof. Let B be an associative algebra. Then A ® B is an algebra for the
classical product (a; ® b1).(az ® b2) = aj.as ® by.by. This product is in G; — Ass
if and only if B is an algebra on G; — Ass'-algebra. In fact

((a1 ® b1).(az ® b)).(az ® bs) = (a1.a2).a3 ® (b1.b2).bs = (ay.a2).a3 ® by.ba.b3

because B is associative. Let p is the law of the algebra A ® B and put X; =
a; ® b;.

10



First, let us prove the theorem for the category G2 — ASS. In this case A is a
Vinberg algebra. Then

(X1, (X2, X3)) — p( X2, p(X1, X3)) — p(p(X1, X2), X3)) + p(p(Xa, X1), X3))
= al.(az.ag) ® b1.by.bg — 0@.(&1.&3) ® by.by1.b3 — (al.az).ag ® b1.by.b3
+(a2.a1).a3 ® bo.b1.b3

= (al.(az.ag) — az.(al.ag) — (al.ag).a3 + (a2.a1).a3) ® bl.bz.bg because B is in
the category Gy — ASS',

= 0 ® b1.by.b3 because A is a Vinberg algebra

=0.

Then A ® B also is a Vinberg algebra.

The demonstration is the same for the other (G; — Ass)-algebras, taking the
adapted relation (i.e for i = 3, we consider u(u(X,Y),Z) — p(X,p(Y,2)) =
N(M(Xa Z)a Y) - /L(Xa /L(Z, Y)), etc...).

Applications. This theorem enables one to construct interesting classes of
Vinberg algebras and to give new examples of Lie algebras equipped with affine
structure. For example suppose dimA = dimB = 2. Then :

1. A is commutative and isomorphic to

Xi.Xi=X; Xi.Xi=X;
A1 : Xl.X2 = X2.X]_ = X2 AQ : X]_.X2 = XQ.XI = X2
XQ.XQ = X2 X2.X2 =0
Xi.X:i=X;
A3 : Xl.XQ = XQ.Xl = X2 A4 : {Xl.Xl = X2
X0.Xo =-X4
A5:{ Xl.X1:X1 AGZ{ X,’.Xj=0

2. A is non commutative and isomorphic to

X,.X, = Pi2ex, _phtex

)(1 Xl = be — 1?1276Xe2 : Trx = aXid ek
1-4A2 = 1 b26 2 Ag : X1.Xo = Xy

Xo. X7 =bX; — ?XZ X0. X1 =X.X5=0

XQ.XQ = 6X1 — bX2

A7:

X1.X1 = aX1
Ao : X1.X9 = (a + 1)X2
’ XQ.Xl = O,XQ
XQ.XQ = 0

In this case the Lie algebra associated to A is the two-dimensional solvable
abelian Lie algebra.

Let us classify Vinb' algebras of dimension 2.

11



1. B is commutative and isomorphic to 4;, ¢ =1,..,7.
2. B is non commutative and isomorphic to

e1.e1 = €1
B7 : €1.62 = €2
esr.e1 = ez.e0 =0

If A and B are commutative, the corresponding Lie algebra is the 4-dimensional
abelian Lie algebra.

Suppose A is commutative and B is not commutative. In this case the bracket
of the Lie algebra associated to A ® B is given by

(Xi®e;, Xp Qe =X Xp Qeje; — Xp X; @ erej = X; X @ [ej, €]

with [61, 62] = €2.
When we put fi; = X; ® e;, we obtain the following list of Lie algebras, gi7,
that are underlying the Vinberg algebras 4; ® By:

917 [fu;flz] = fi2, [f11;f22] = fa2, [f12;f21] = —faz, [f21;f22] = fa2
g7 [fi1, fiz] = fi2,  [f11, fool = fo2, [z, for] = —faz
gs7 [fi1, fi2] = fi2,  [f11, fool = foo,  [fr2, for] = —fo2,  [for1, fo2] = —fr2
947 [f11, fi2] = fa2
957 [f11, fi2] = fi2
ge7 abelian
Likewise, if A is a non commutative Vinberg algebra and B a commutative
Vinb' algebra then the bracket of the corresponding Lie algebra satisfies

[Xi ® ej,Xk 024 el] =X; X, ® eje; — X X; ® ee; = [Xi,Xk] Qeje;

For the algebras A; ® B;, i = 7,8,9, let us note that the corresponding Lie
algebras g;; satisfy gr; = gs; = go; for j = 1,...,7. Using the same previous
notations we obtain the following Lie algebras :

gin  [fir, far] = for,  [fin, foo] = foa,  [fra, fa] = foa,  [fr2, fa2] = foo

gio i1, for] = for,  [fi1, foo] = foz,  [fi2s for] = fao

giz  [fi1, for] = fo2,  [fi1, fool = foo,  [fr2, fa] = foo,  [f12, fo2] = —far
gi4 [f117f21] = fao

9is  [fi1, fa1] = fa

gic abelian
Finally, let us look at the case A = A;, i =7,8,9 and B = B;. We obtain :
grr s [fin, fio] = B2 iy —bEFe for  [f14, for] = fou,
[fi1, f22] = bf12 — b2;6f22
[f12, fa1] = =bfi2 + %fzz, [fo1, fo2] = efi2 — bfa
987 : %fu,fu} =afi2, [fi1, for] = for,  [fi1, fo2] = (@ +1) foo,
[

f12, fo1] = —afas.
gor : [fi1, fizl = afia +cfoa,  [fi1, fo1] = for,  [fi1, fo2] = fo2

Comparing it with the classification of 4-dimensional real Lie algebras presented
in [15], we obtain :

12



Theorem 3.2 The following solvable Lie algebras have an affine structure of
tensorial type :

93,2(1) © R; g4,5(17 G/), g4,6(1)5 94,9 (Oé), 94,10, g2 @ g2, 94,1
g12, 020K, gzi(l)OR, R

4 Cohomology of Lie-admissible algebras

4.1 Cohomology of LieAdm-algebras

Let P be a binary quadratic operad. A P-algebra is given by a K-vector space
V and an operad morphism

p: P — End(V)
where End(V') is the operad of endomorphismes of V' defined by
End(V)(n) = Homg(V®", V).

Let A be a LieAdm-algebra. In the following definition we denote, for each
Y,-space V, VV := V* ®x,_ sgn, the dual V* tensored with the signum rep-
resentation. The cochain complex for define the cohomology H},, 4. (A, A) is
given by
CPicaam(A) = Hom ((LieAdm')¥ (n) @y A®", A)
As every LieAdm'-algebra is an associative 3-order commutative algebra, the
complex CF.. 4 4m (A) is
A— Hom(A® A, A) — Hom(A3(A), A) — Hom(A*(A), A) — ...

The differential is induced by the composition maps of operad LieAdm. Be-
fore we give a precise formula, we need to recall the definition of te Nijenhuis-
Gerstenhaber products.

Let f and g be n-, respectively m-, linear mappings on a vector space V.
The fundamental product of Gerstenhaber o; is in this case written

foig(X1, o, Xngm—1) = (X1, ., Xi1,9(Xi, ooy Xigtm—1),
Xz'—i—ma --;Xn—i-m—l) .

for i = 1,..,n and the product o is given by
Fog(Xty s Xnym1) =iy ((=DEDE DX X, 9(X, e, Xigmo1),
Xi+m7 "7Xn+m—1) :

In section 2.3 we have noted by ®g the composition product of the operad
LieAdm. We can exprime this product using the Gerstenhaber product o. Let
P be the antisymmetrization. It is defined by

P(f)(XhaXn) = Z (_l)s(a)f(Xo(l);Xa(Q)a---aXo(n))'
cex,
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Definition 4.1 f ©gg = P(fog)

If we developp this expression we obtain :
Feeg(X1,y o, Xntm—1) = Ez’:l,..,n dezn+m_1 (—1)5(0)(_1)(i_1)(m_1)f(XU(1),
ey Xa(z'—l) > g(XO'(l) P Xa'(’i—i-m—l))a Xo’(i-i-m) PEE) Xa(n—i-m—l))

where X, refers to the p—symmetric group.
For example if f = g = p and n = m = 2 then

p O (X1, X2, X3) =

> (FDF (X o1y, Xo2)s Xog) — X1y, (Ko@), Xog)}
LN

and p is a Lie-admissible law if and only if g ®g p = 0. Likewise if p is a bilinear
mapping and f and endomorphism of V', then

B O f( X1, X2) = p(f(X1), X2) — pu(f(X2), X1) + u(X1, f(X2)) — p(Xz, f(X1))

and
f @6 p(X1, Xs) = f(u(X1, X2)) — f(p(Xa, X1)) = f([X1, X2]u)
as soon as u ©g u = 0.
Remark In [13] Nijenhuis denotes the product o by fog
Lemma 4.1 We have the following identities :
P(P(f) ©19) = (n+m — 1)IP(f ©1 9) = P(f ©1 P(g)).

This can be prove directly.
We deduce that the following bracket

[£,91%° = f @6 g — (1) Dm=Vg @ f.
satisfies :

1. [g,f]% = (_1)(n—1)(m—1)+1[f, g]®e
2. (_1)(n—1)(p—1)[[f, g]®¢, h]®s + (_1)(m—1)(n—1)[[g,h]®6’f]®6+
(=1)p=D(m=D)[[p, f]®s g]® = ()

where h is a p-linear mapping on V.

Consequence. [,]®¢ is a bracket of a graded Lie algebra (on the space of

multilinear mappings).

Definition 4.2 Let ¢ be in C};, 44, (A), where A is o LieAdm-algebra with
multiplication p. The differential operator

6p : ClLicaam(A) — C;;thildm (4)

is defined by
6u¢ = _[Na ¢]®6

14



4.2 Particular cases

iyn=2
Let ¢ be a bilinear mapping. Then

_61“10 (XI;X27X3) =
p(p (X1, X2), X3) — p (X1, 0 (X2, X3)) + p (¢ (X2, X3), X1)
—p (X2, (X3,X1)) — (X3, (X1, X2)) + M(<P (X3,X1), X2)
—p (e (X2, X1), X3) + p (X2, 0 (X1, X3)) — p (0 (X3, X2) , X1)
(X37<P(X27X1))+M(X1> (X3, X2)) — p(p (X1, X3), X2)
+o (p (X1, X2), X3) — (X1, 1 (X2, X3)) + ¢ (1 (X2, X3) , X1)
—p (Xa, p (X3,X1))—<P(X3, (X1, X2)) + ¢ (u(X3,X1), X2)
— (1 (X2, X1), X3) + ¢ (Xo, pu (X1, X3)) — ¢ (1 (X3, X2) , X1)
+o (X3, p (X2, X1)) + ¢ (X1, 1 (X3, X2)) — @ (1 (X1, X3), X2)
i) n =1
Let f be in C'. Then
Ouf (X1, X0) = —p(f(X1),Xo) — p (X1, f(X2)) + f (1 (X1, X2))
+u(f(X2), X1) + p(Xo, f(X1)) = f (1 (X2, X1))
iii) n = 0

We are going to give an explicit definition of 6,,(X). Let X be in A . Consider
the map
hx :Y — ,U,(X,Y) —,LL(Y,X)

—Ouhx (X1,X2) = p(hx(X1), Xo) + p (X1, hx (X2)) — hx (p (X1, X2))
—p (hx(X2), X1) — p (X2, hx (X1)) + hx (1 (X2, X1))
= p(p(X,X1),Xs) = p(p(X1,X),Xo) + p (X1, 0 (X, X3))
—p (X1, 1 (X2, X)) — hx (1 (X1, X2)) + hx (p (X2, X1))
—p(p (X, Xo), X1) + p(p (X2, X), X1) — (X2, 1 (X, X1))
+p (Xa, p (X1, X))

—Ophx (X2, X1) = p(p(X,X2),X1) — p(p (X2, X), X1) + p(Xo, p (X, X1))
—p (X2, p (X1, X)) = hx (u (X2, X1)) + hx (p (X1, X2))
—p (p (X, X1), X2) + p ( (X1, X)), X2) — p (X1, p (X, X2))
o

+ X17 (X25X))

Then
Sphx (Xa, X1) — 6uhx (X1, Xa) = p@ep (X, X1, X2) =0

duhx (X1,X2) = 6,hx (X2, X1)

Let us consider
= {X eA / P((Suhx) = 5uhx}
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For X € C°, 4,hx = 0. Then we can define B! (A, A) putting
5(X) = hx

and Z' (A, A) = {f € C1/5f = 0}.

Then H? (A, A) is well defined.

Remark. In the same way, we can define the cohomology Hy,. _ 4,,(A, A) for
a G;Ass-algebra. We denote by f ®; g the corresponding composition product.
We have yet given the expression of this product for ¢ = 1 and ¢ = 6. In other
cases we put :

FOag9(X1, s Xnam_1) = Zaezn+m_2(_1)5(0){Zizlw’n_l(_1)(i71)(m—1)
f(X(r(l)"a Xa(i—l)ag(Xa(i)a i) Xa(m—i—i—l)):Xa(m—i-i): '>X<r(n+m—2)7 Xn—i—m—l) +
(_1)(n71)f(Xa(1)7 ) Xa(n—l)ag(Xa(n)a 0y Xa(m+n—2) ) Xn+m—1)}-

f ©3 g(X17 e Xn+m71) = Zaezn+m_2(_1)5(0){f(g(X15Xa(2)7 ) Xa(m))a
Xﬂ'(m-i-l)’ "aXa(m—i-n—l)) + Zi:2,..,n—1(_1)(1_1)(m_1)f(X15 XU(Q); ) Xo’(i):
g(Xa(z'—i-l)J ) Xa(m+i))7 ) Xo’(n+m—1))}

fOug(Xps s Xnym1) = Lges, ., S im0, et (FDFOFD £(X ),
Xo(2), Xo(3)s - Xo(i) I Xo(it1) - Xo(m+i))» -+ Xo(ntm—1))-

f ©s g(Xl’ ""Xn+m_1) = EaeAn+m_1 Zi:O,..,n—l(_1)i(m71)f(X0'(1)5XO'(Z);
Xa'(3)7 3T Xa(i)ag(Xa(i-l—l)a "aXa(m-H)); "'JXa(n-l—m—l))'

where A, refers to the alternating group.

4.3 Lie-admissible cohomology of Lie algebras

If g is a Lie algebra of law p, it is also a Lie-admissible algebra. Then it is
possible to consider the following cohomologies

L. H7io 4qm (9, 9)

2. HZ‘,ie(gag)

Definition 4.3 Let g be a Lie algebra. We call Lie-admissible cohomology of g
with value in g the cohomology H}.;, 44 (8,9)-

Remark A 2-cochain corresponding to the Chevalley’s cohomology is alternated
and satisfies
dp = 46%p.
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5 Lie-admissible modules over a Lie algebra

5.1 Module over a Lie-admissible algebra

Let A =(A, ) be a Lie-admissible algebra and M a vector space over K.
Definition 5.1 M is an A-module if there are bilinear maps

A AQM - M
p i MA—-M

satisfying :
/\(Xa)‘(Ya U) - )\(Y,)\(X,U) - ’\([XJY]/M’U) - /\(X7 p(U,Y) + p(/\(X, U),Y) +
p(’Ua [Xa Y]u) - p(p(v,X),Y) _p()‘(Ya U)aX) + )‘(Y; p(U,X)) +p(p(U,Y),X) =0
forall X, Y € A and v € M.

For example, the vector space A is an A-module.

Proposition 5.1 Let A =(A, u) be a Lie-admissible algebra and M an A-module
defined by the mapping A and p. Then the bilinear mapping

N:AQM 5 M

defined by R
)\(X,'U) = /\(X,'l)) —p(v,X)

equips the vector space M with an Ap-module structure where Ay is the Lie
algebm (A7 [7]#)'

We find again the same result established by Nijenhuis in [N] for the Vinberg
algebra.

5.2 Modules over G;-associative algebras

If Ay=(A, py) is a Vinberg algebra an Ay -module M is given by the mappings
A and p satisfying the two conditions

{ AX, MY, v) — MY, AM(X,v) = MN[X,Y],,v) =0
/\(X,[)(’U,Y) - P()\(X, U)aY) - p(Uau(Xa Y)) + p(p(U,X),Y) =0.

Considering Ay as a Lie-admissible algebra, then M is also a module on this
Lie-admissible algebra.

The notion of A-module is well known in the case of Lie-admissible algebras
of type 1 (associative). It is easy to write the definitions of modules over algebras
of type 4 and 5. We find :

- type 4 :
{ )‘(/J/(Xa Y),’U) - /\(X,)\(Y,’U) - p(p(U,Y),X) +p(v,,u(Y,X)) =0
p()‘(Xa U),Y) - )\(X,p(’I},Y) - p()\(Y, U)aX) + )‘(Ya p(UaX)) =0



-type 5 :

)‘(N(Xa Y)a U) - /\(X, )\(Y, 'U) + p()\(X, U): Y) - )‘(Xa p(va Y) - p(’U, ,U,(X, Y)) +
p(p(v,X),Y) =0.
We can see that if p is antisymmetric (i.e. a law of Lie algebra) then we find
again the definition of module on Lie algebra considering p(v, X) = —A(X, v).

5.3 Lie-admissible modules over Lie algebras

Let A =(A, u) be a Lie algebra. Consider this algebra as a Lie-admissible algebra
that we will note A,q=(4, u) to distinguish the two structures. It is clear that
every module M on the Lie algebra A is also a module over the Lie-admissible
algebra A,4. But the converse is false.

Definition 5.2 We call Lie-admissible module over the Lie algebra A =(A, )
every module on the Lie-admissible algebra Aqzq=(A, p).

Let g be the solvable non abelian 2-dimensional Lie algebra. There exists a
basis {X7, X»} such that [X7, X5] = X,. Every one dimensional module on the
Lie algebra g is given by the mapping A\ (here p = —\) defined by

AXq,v) = av
/\(XQ,’U) = 0

On the other hand, a Lie-admissible module over g is determined by the maps
A and p given by

{ AX1,v) =av { plv, X1) = v
)‘(X27U) =pv ’ p(’l),Xz) =pv

Suppose now that M is a n-dimensional Lie-admissible module on g. Then if
A, B, C, D are the matrices of linear operators A(X1,.), A(Xa,.), p(., X1), p(-, X2)
in a given basis of M, then these matrices satisfy

[(B-D),(C—A)=B-D

We can describe in this way all structures of Lie-admissible modules over g.

Now consider the Lie algebra g = sl(2,C). By a similar computation we can
see that every n-dimensional Lie-admissible module over sl(2,C) is described
by the following matrix representations :

[Al — Bl,AQ — Bg] = 4(A2 - Bz)
[A; — By, A3 — B3] = —4(As — Bs)
[A2 — BQ,A3 — B3] = 2(A1 — Bl)

Such representation is also completely reducible.
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6 Deformations

Let us denote LA, the algebraic variety of structure constants n-dimensional
Lie-admissible algebras over an algebraically closed field K of characteristic 0.
We have a natural fibration

w: LA, = Ly,
where £, denotes the algebraic variety of n-dimensional Lie algebras :

() =[]
This fibration admits a global section
s: L, > LA,
defined by
() =
s(u) = Sh-

Let us denote Ty(,) LA, and Ty(,ym~"(()) the tangent spaces to the variety and
to the fiber at the point s(u). We know that Tj(,) LAy, is identified to the space
of 2-cocycles Z2,, 4m (A, A).

Lemma 6.1 Ty(,ym *(p) ~ {¢: A®2 = A/ o(z,y) = o(y,z)} ~ S?*(A).

Proof. In fact $u + ty is a linear deformation of {1y in the fiber 7~!(y) then
o(z,y) — p(y,z) = 0. Moreover every symmetric bilinear mapping is a cocycle
that is in Z2,, 4qm (4, 4).

Proposition 6.2 Every A belonging to 7' (1) can be written A = S+ ¢ with
© a symmetric bilinear application. (Likewise every \ = %,u—f—cp with ¢ € S?(A)
is in w1 (p).

Proof. The law A is in 7 !(u). This implies that A(z,y) — A(y, z)
Let ¢ be A — Lp. A simple computation gives that ¢(z,y) — ¢(y,z)
other part is also obvious. O

w(z,y).
0. The

Theorem 6.3 The fiber m—1(p) is an abelian group with the following product

1
a1 x p = pn + e — ot

for all p; € (), i€ {1,2}.

Proof. As p; € m () we have p; = 1p+ ¢; with ¢; € S?(A). Then (py *
p2)(z,y) = 2+ (o1 + p2) and @1 + @2 € S*(A) So « is an internal product.
It’s obviously associative. The unit element for the law x is the element %  and

each element u; € 7~!(u) has an inverse (u;) ™! = —pu; + p. Observe that (u;) ™!
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is well in 7~ (1) because (u:)~*(2,y) — (1)~ (¥, 2) = —(wi(@,y) — pi(y, )) +
(w(2,y) — wy, z)) = p(=,y).
We have that (m=1(u),*) is an abelian group. O.

Recall the geometric problem concerning the existence of affine structures
on solvable Lie algebras. A Lie algebra g carries an affine structure if and
only if there exists a Vinberg algebra whose associated Lie algebra is g. We
know that there exists nilpotent Lie algebras without affine structure ([2]). In
this case the fiber 771 (u) does not cut the subvariety of Vinberg laws. For
¢ € S2(A) C Z2,, 44m (A, A) fixed, the staightline -+t is in the fiber 71 (y).
This line cut the subvariety of Vinberg if and only if there is o such that % pttop
is a Vinberg law. Considering ¢ for tgp (we can always suppose that to = 1)
we obtain :

Proposition 6.4 The deformation %u + ¢ is in Vinb,, if and only if the sym-
metric mapping satisfies

4o (1 (Xa, X1) , X3) + 2u (X1, ¢ (X2, X3)) + 200 (X1, 1 (X2, X3))
+4p (X1, 9 (X2, X3)) — 20 (X2, ¢ (X1, X3)) — 20 (X2, p (X1, X3))
—4p (X2, (X1, X3)) + p (1 (X2, X1), X3) = 0.

for all X1,X5, X5 € g.

This proposition can be considered as a criterium of existence of an affine
structure on a given Lie algebra.
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