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Abstract. Methods developedfor thequalitative simulationof dy-
namicalsystemshave turnedout to be powerful tools for studying
geneticregulatorynetworks.We presenta generalizationof a simu-
lationmethodbasedonpiecewise-lineardifferentialequationmodels
thatis ableto dealwith discontinuities.Themethodis soundandhas
beenimplementedin a computer tool calledGNA.

1 Intr oduction

Methodsdevelopedfor thequalitative simulationof dynamicalsys-
tems have turned out to be powerful tools for studying the net-
works of regulatoryinteractionsbetweengenes,proteins,andsmall
moleculeswhich underliethe functioningof living organisms.The
interestin qualitative methodsfor analyzingthesegenetic regula-
tory networks derivesfromageneralabsenceof quantitativeinforma-
tion on kinetic parametersandmolecularconcentrations. As a con-
sequence, traditionalmethodsfor numericalsimulationaredifficult
to apply(see[1] for a review).

The qualitative simulation method describedin [3] is able to
handlelarge andcomplex networks of regulatory interactions.The
methodis basedonaclassof piecewise-linear(PL) differentialequa-
tionsthathasbeenwell-studiedin mathematicalbiology [7, 11, 16].
ThePL modelsprovide a coarse-grained descriptionof geneticreg-
ulatorynetworks,well-adaptedto state-of-the-artmeasurement tech-
niquesin genomics.Moreover, they have mathematicalproperties
that favour qualitative analysisof the steady-stateandtransientbe-
havior of regulatorysystems.Thequalitative simulationmethodhas
beenimplementedin a publicly-availablecomputertool, calledGe-
netic Network Analyzer(GNA). The programhasbeenusedto an-
alyzeseveral geneticregulatorynetworks of biological interest,in-
cluding the network controlling the initiation of sporulationin B.
subtilis [3].

The PL modelscontainstepfunctionsdescribingthe regulatory
interactionsin anetwork. This introducesdiscontinuitiesin theright-
handsideof the differentialequations,which may give rise to non-
trivial mathematicalproblems[11]. In theabove-mentionedsimula-
tion method,theseproblemsweretreatedby redefiningthe discon-
tinuous,piecewise-linearmodelsasa limit caseof continuous,non-
linear models[3, 11]. The resultingsimulationmethodhasturned
out to beunsatisfactory, becauseit is notsound,in thesensethatit is
notguaranteedto predictall possiblequalitativebehaviorsof thesys-
tem[10]. Soundnessis critical for many applications,suchasmodel
validationandmodeldiscrimination.�
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Recentwork on thegeneralizationof thePL differentialequations
to differentialinclusionsallowsthediscontinuitiesto bedealtwith in
a mathematicallyproperandpracticallyusefulmanner[8]. Thegen-
eralizationis basedonanapproachdevelopedby Filippov [5], which
hasbeenwidely usedin controltheory. Themajorcontributionof this
paperis to show how themethodfor thequalitativesimulationof ge-
neticregulatorynetworkscanbegeneralizedin theline of Filippov’s
work. This generalizationresultsin a simulationalgorithmwith the
desiredsoundnessproperty. Beyond their applicationin the context
of geneticregulatorynetworks, the ideasunderlying thegeneraliza-
tion maybeausefulcomplementto othermethodsfor thequalitative
analysisof dynamicalsystemsbasedon the approximation of com-
plex nonlinearfunctionsby piecewise-linearfunctions (e.g., [14]).

After a brief review of PL modelsof regulatorynetworks(sec.2),
we will discusstheFilippov generalizationin sec.3. Thequalitative
simulationmethodbasedon this approachis describedin sec.4, fol-
lowedby adiscussionin thecontext of relatedwork in sec.5.

2 PL modelsof geneticregulatory networks

The dynamics of genetic regulatorynetworks canbe modeledby a
classof piecewise-lineardifferentialequationsof thefollowing gen-
eralform [7, 11, 16]:
��������������������������� �"!#� (1)

where �$�%�'& � �)(*()()�+&-,.�0/ is a vectorof cellularproteinconcentra-
tions, and �1�2�43 � ��()()()�536,7�0/ , �8� diag�:9 � �)()(*()�+9;,.� . The rateof
changeof eachconcentration&�< , =?>A@B>DC , is definedasthe dif-
ferenceof the rate of synthesis3 < ����� and the rate of degradation9 < ���E�F& < of theprotein.Thefunction 3 <�G�H , I-JBK H I-J consistsof a
sumof stepfunctionexpressions,eachweightedby arateparameter,
which expressesthe logic of generegulation[11, 16]. The function9 <�GLH , I7JBK HNM J is definedanalogously.

Figure1 givesanexampleof asimplegeneticregulatorynetwork.
Genesa andb, transcribedfrom separatepromoters,encodeproteins
A andB, eachof which controlstheexpressionof bothgenes.More
specifically, proteinsA andB repressgenea aswell asgeneb atdif-
ferentconcentrations. Repressionof thegenesis achievedby binding
of theproteinsto regulatorysitesoverlappingwith thepromoters.

Thenetwork in figure1 canbedescribedby meansof thefollow-
ing pair of stateequations:

O&7PQ�SRTPVU�WX�'&TPF�ZY 	P �.U�WV�'&-[)�ZY �[ ����\�P�&TP (2)O& [ �SR [ U W �'& P �+Y �P �TU W �'& [ �ZY 	[ �]�^\ [ & [ ( (3)

Genea is expressedat a rate R P`_ba , if theconcentrationof protein
A is below its thresholdY 	P andtheconcentrationof proteinB below



its threshold Y �[ , that is, if U W �'& P �ZY 	P �FU W �'& [ �ZY �[ �`� = . Recall thatU W �'&]�cY;� is a stepfunction evaluatingto 1, if &Ad%Y , and to 0, if& _ Y . ProteinA is spontaneously degraded at a rateproportionalto
its own concentration( \ Pe_fa is a rateconstant).Thestateequation
of geneb is interpretedanalogously.

a b

- - - -

A B

Figure 1. Exampleof a genetic regulatory network of two genes (a andb),
each codingfor a regulatoryprotein (A andB).

The dynamical propertiesof PL modelsof the form (1) can be
analyzedin the C -dimensional phasespacebox g � g ��h ()(*( h g , ,
where g < �ji�& <Xk?H I-Jml a > & < >onep�q <sr , =t>f@�>SC , and nep�q <
is a parameterdenotinga maximumconcentrationfor theprotein.

In general,a protein encoded by a gene is involved in differ-
ent interactionsat differentthresholdconcentrations,which afteror-
dering are denotedby Y �< �*()(�()�ZY�u�v< . The C � = -dimensional hyper-
planes &T<w�xY;y v< , =o>{z < >}| < , divide g into regions that are
called domains. More precisely, a domain ~��{g is definedby~ � ~ �eh ()(*( h ~ , , whereevery ~ < , =�>�@^>�C , is defined
by oneof theequationsbelow:

~ <��Qi�&-< l a > &-<�d"Y �< r �
~ <��Qi�&-< l &-<��SY �< r �
~ < �Qi�& < l Y �< d�& < d�Y 	< r �()(�( (4)

~ <��Qi�&-< l Y u v< d�&7< >bn`p)q < r (
If for a domain ~ , therearesome@ �4� , =Q>"@�>"C , =Q> � >�| < , such
that ~ < �%i6& < l & < ��Y*� < r , then ~ is calleda switching domain.
The corresponding variables& < arecalledswitching variables. The
order of a switchingdomainis a number between1 and C , equalto
thenumberof switchingvariables.A domainthat is not a switching
domainis calleda regulatory domain. � denotesthesetof domains
in g .

In figure 2(a) the two-dimensional phasespacebox g for the
example network is shown. As proteinsA and B eachhave two
thresholds,the phasespacebox is partitionedinto 9 regulatoryand
16 switching domains.For example, ~ � ��i��'& P �+& [ � k�H 	 la > &7PSd}Y �P � a > &-[�d%Y �[ r is a regulatory domain,whereas~ � �Di��'&7P.�+& [ � k�H 	 l a > &TP�d8Y �P �E& [ �AY 	[ r is a (first-order)
switchingdomain.

Whenevaluatingthestepfunction expressionsin (1) in a regula-
tory domain, 3�< and 9�< reduceto sumsof rateconstants.More pre-
cisely, in a regulatorydomain ~ , 3 < reducesto some�#�< k"��<��i�3 < ����� l ! > � >8�S� � r , and 9 < to some �T�< k��Q<N� i�9 < ���E� l! > � >}�S� � r . Inside ~ , the stateequations thus simplify to
linearandorthogonal differentialequations
���S� � ��� � ��� (5)

where � � �%� �]� � �)(�()()� ���, �0/ and � � � diag� �T�� �)()()(*� �7�, � . Since
thestepfunctionsarenotdefinedatthethresholds,thestateequations
arenot definedin theswitchingdomains.

For every regulatory domain ~ k � , we define the function� < � ~ �w� � �<N� � �< . Analysis of (5) shows that all solution trajec-
toriesin ~ monotonically tendtowardsa target equilibrium, astable
equilibriumgivenby ������� ~ � , with ���j� � � �*()()()� � , � / [4, 16].

In the example,we have � P���i a �5RTP r , � P���i�\�P r for pro-
tein A, and ��[ �xi a �5R [*r , �Q[ �xi�\ [*r for protein B. In regu-
latory domain ~ � in figure 2(a), the trajectoriestend towards the
target equilibrium � � ~ � �`����RTP � \�PF�ZR7[ � \F[¡� . Different regulatory
domainsgenerallyhave different target equilibria. For instance,in
regulatorydomain ~ 
 , thetargetequilibriumis givenby � a �ZR [ � \ [ � .

The global solutionof (1) could be obtainedby piecingtogether
thelocalsolutionsin regulatorydomains, in suchawayasto guaran-
teecontinuityof theglobalsolutionacrossthethresholdhyperplanes
[4, 16]. This worksfine aslong astrajectoriesarriving at a threshold
hyperplanecanbecontinuedin anotherregulatorydomain,e.g., tra-
jectoriesarriving attheswitchingdomain~ 	 from theregulatorydo-
main ~ � (figure2(a)).However, whenthetrajectorieson bothsides
of a thresholdhyperplaneevolve towardsthisplane,asin thecaseof
trajectoriesarriving from ~ 
 and ~ � at ~ � , mathematicalperplex-
ities arise.Thereis no indicationon how the local solutionsin ~ 

and ~ � canbecontinued.

3 Analysis of discontinuities in PL models

Thetroublesat the thresholdhyperplanesarecausedby discontinu-
ities in theright-handsideof (1), dueto theuseof stepfunctions.In
orderto dealwith thesediscontinuities,we will usea methodorig-
inally proposedby Filippov [5]. This method,recentlyappliedby
GouźeandSari[8] to PL systemsof theform (1), consistsof extend-
ing a systemof differentialequations with discontinuous right-hand
sidesinto a systemof differentialinclusions.

Let ~ bea switchingdomainof order z . Let ¢ bethehyperplane
of dimensionC � z containing ~ . The boundary of ~ in ¢ is the
set £ � ~ � of all points � k ¢ , suchthateachball £N¤ �����+¥�� in ¢ of
center � andradius ¥ _Aa intersectsboth ~ and ¢S¦ ~ [9]. In the
casethat ~ is a regulatorydomain,¢ equalsg .

Now, for every ~ k � we definethesets

§ � ~ ����i ~ / k � l ~ / ��£ � ~ � r¨ � ~ ����i ~ / k � l ~ / regulatorydomain,~©��£ � ~ / � r
§ � ~ � containsthe domainsin the boundary of ~ , whereas̈ � ~ �
containstheregulatorydomainsthathave ~ in theirboundary.

In the caseof the regulatory domain ~ � in figure 2(a), we find§ � ~ � � �ªi ~ 	 � ~`« � ~m¬ r , while
§ � ~ 	 ���ªi ~m¬ r . Furthermore,¨ � ~ � �E�oi r and

¨ � ~ 	 �E��i ~ � � ~ 
 r .
Thebasicideaof theFilippov approach is to extendthedifferential

equations(1) into differentialinclusions
� k®­ ���E�¡� (6)

where ­¯G g K�° � g � is a set-valuedfunction.2

For � k ~ , and ~ a regulatorydomain, we define ­ ����� as­ �����E��i±� � �²� � � r ( (7)

Noticethat,sincetheset ­ ���E� containsa singleelement,theexten-
sionof thePL systemagreeswith theoriginal systemin theregula-
tory domains.If ~ is a switchingdomain,­ ���V� is definedby­ �����E� ³*´��si±� �Eµ ��� �Eµ � l ~ / k ¨ � ~ � r �¡( (8)

Thesmallestclosedconvex set ³*´L��¶·� of a set ¶ is the intersection
of all closedconvex setscontaining ¶ [5]. In the caseof switching
domains,­ ����� will not generallybesingle-valued.

Let ¸ � �c(*()(��ZY y¡v< �*()(�( � / , ¹ � �c(*()()�ZR <»º �)()()( � / , and ¼ ��:\ � �)()()()�0\ , � / be numerical parametervalues. Furthermore, let

	E½�¾:¿NÀ representsthepowerset of a set ¿ .
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Figure 2. (a) Phasespacebox for theexample network in figure1. ç ¾:è � À , ç ¾'è 
 À , ç ¾:è � À denotethetarget equilibria of theregulatory domains è � , è 
 ,è � , andareassumedto lie in theupperright,upperleft, andlowerleft regulatory domains,respectively. In addition, thefigureshows thediscontinuitiesat the
switching domainsè 	 and è � . (b)-(c) Determinationof thetarget equilibrium setsé ¾:è 	 À and é ¾:è � À .

��� a ���8� J k g representthe initial conditions.An absolutelycon-
tinuousfunction ���:êZ�ë�íìî�:ê*� a �5� J � ¸ � ¹ � ¼ � is a solutionof (6) in
thesenseof Filippov on ï a �Zð ï , ð _�a , if ��� a �L�8� J andfor almost
all ê k ï a �Zð ï it holdsthat


���:ê+� k�­ �����:êZ�+� [5]. Thequalification‘for
almostall ê k ï a �Zð ï ’ meansthatthesetof time-pointsfor which the
conditiondoesnothold is of measure0.For all initial values� J k g
thereexists a solutionof (6) on ï a �Zð ï . However, this solutionis not
guaranteedto beunique.

For every domain ~ , a so-calledtarget equilibrium set ñ � ~ � can
bedefined.If ~ is a regulatorydomain,then

ñ � ~ �V��i�� � ~ � r ( (9)

If ~ is a switchingdomain, the definition is a little bit morecom-
plicated.Let ~ be a switchingdomainof order z , containedin theC � z -dimensional hyperplane ¢ . Then

ñ � ~ �V� ¢�ò i ³¡´��si�� � ~ / � l ~ / k ¨ � ~ � r �¡( (10)

Thatis, ñ � ~ � is thesmallestclosedconvex setof thetargetequilibria
of regulatory domains ~ / having ~ in their boundary, intersected
with thehyperplanecontaining~ .

A solutioneither instantaneously crossesa switchingdomainor
remainsin it for sometime ð _1a , sliding alongthe thresholdhy-
perplanecontainingthedomain. Gouźe andSari[8] have shown that
the latter sliding mode solutionsexist in a switchingdomain ~ , if fñ � ~ ��ó�{i r . The sliding modesolutionsmonotonically tendsto-
wardsa target equilibrium in ñ � ~ � [8]. Becauseñ � ~ � doesnot
generallyinclude a single point, the behavior of the systemis not
uniquelydeterminedby thedifferentialinclusion(6).

Considerthe examplesin figure 2(b)-(c). The target equilibrium
set ñ � ~ 	 � of the switchingdomain ~ 	 is defined,following (10),
by the intersectionof ³¡´T�si±� � ~ � �¡�5��� ~ 
 � r � and the thresholdhy-
perplane& [ �bY �[ . Thesmallestclosedconvex setconsistsof thelin-
earsegmentconnectingthe points ��R P � \ P �ZR [ � \ [ � and � a �5R [ � \ [ � .ñ � ~ 	 � andthe thresholdplane & [ �ôY �[ do not intersectin thefig-
ure,so ñ � ~ 	 �E��i r andall solutionsinstantaneously cross~ 	 .

This is different in the caseof ~ � . Here, the target equilibrium
set ñ � ~ � � is given by the intersectionof ³*´.�si�� � ~ 
 �¡�Z� � ~ � � r � ,
the linear segmentconnectingthe points � a �5R [ � \ [ � and � a � a � , and
the thresholdhyperplane &�["�ªY 	[ . Consequently, ñ � ~ � � equalsi�� a �5Y 	[ � r , andthereexists a (unique)sliding modesolution in ~ � ,
tendingtowards � a �5Y 	[ � . Becausethe target equilibrium lies inside~ � , it is alsoa steadystateof the system.Closeranalysisreveals
that theequilibrium � a �5Y 	[ � is stable.Notice the intuitive validity of
theFilippov approach:solutionsarriving at ~ � from ~ 
 or ~ � slide
alongthethresholdplanetowardstheequilibrium.

4 Method for qualitati ve simulation

4.1 Qualitat ive constraints on parameters

Most of thetime,precisenumericalvaluesfor thethresholdandrate
parametersin (1) will notbeavailable.Instead,wewill specifyqual-
itativeconstraintsontheparametervalues,asexplainedin [3]. These
constraints,having theform of algebraicinequalities, canusuallybe
inferredfrom biologicaldata.

The first constraintis obtainedby orderingthe | < thresholdcon-
centrationsof gene@ , yielding the threshold inequalities. In thecase
of proteinA, therearetwo thresholdconcentrations: Y �P and Y 	P . As-
sumingthefirst to belower thanthesecond, we obtainthethreshold
inequalitiesa doY �P doY 	P d n`p�q P . Theorderingof the thresholds
of proteinB give riseto a d�Y �[ d�Y 	[ d n`p�q [ .

Second,thepossibletargetequilibriumlevels � �<N� � �< of &-< in dif-
ferentregulatorydomains~ k � canbeorderedwith respectto the
thresholdconcentrations.The resultingequilibrium inequalities for&TP in theexampleare Y 	P dbRTP � \�Pmd n`p)q P . In theabsenceof pro-
tein B, while proteinA hasnot yet reachedits highestlevel, genea
is expressedata rate R P . Thecorresponding targetequilibriumvalueR P � \ P of & P mustbe above the secondthresholdY 	P , otherwisethe
concentrationof theproteinwould not beableto reachor maintaina
level atwhich theobservednegativeautoregulationof genea occurs.
In asimilar way, we set Y 	[ d"R [ � \ [ d nep�q [ for & [ .

A quantitative PL modelof a geneticregulatorynetwork consists
of stateequations(1) andnumericalparametervalues ¸ � ¹ � ¼ . In a
qualitative PL model,on theotherhand,thestateequations aresup-
plementedby thresholdandequilibriuminequalities.Everyquantita-
tivePLmodelcanbeuniquely abstractedinto aqualitativePL model.

4.2 Qualitat ive statesand behaviors

An intuitivequalitativedescriptionof thestateof aregulatorysystem
consistsof thedomainin which thesystemresides,supplementedby
thepositionwith respectto thisdomainof thesetof targetequilibria
to which thestateof thesystemtends.A qualitative behavior is then
givenby thesequenceof qualitative statestraversedby thesystem.

We first definea function õ G � h g K i;� = � a � = r , thatmaps
a domain ~ anda point ö to a sign vector ÷ describingthe relative
positionof ~ and ö . If & < is a non-switchingvariable,then

ø6< �
ùúû úü =

� if ý < ��þ+ÿ�� ~ < ,a � if �����7~ < d ý < d�þ+ÿ�� ~ < ,� = � if ý < > �����7~ < .



On the otherhand,if &T< is a switchingvariable,then ~ < containsa
singlethresholdvalue Y � < , and

ø <]�
ùúû úü =

� if ý <E_ Y � < ,a � if ý < �bY � < ,� = � if ý < d"Y)�< .
Generalizingthe definition, we obtain the set function � G � h° � g � K�° �si;� = � a � = r , � thatmapsa domain ~ anda set ¶ to a set
of signvectors:� � ~ �5¶·���$i õ � ~ � ö � l ö k ¶ r .

Let ���:êZ�e��ìî�:ê*� a �Z� J � ¸ � ¹ � ¼ � be the solutionof a quantitative
PL modeldescribingaregulatorynetwork onthetime-interval ï a �Zð ï .
Now supposethat for some ê , a > ê²d�ð , we have ���:ê+� k ~ ,~ k � . The point ���:êZ� corresponds to a qualitative state of the
systemdefinedby

�
	 ���X�+ê+����� ~ � � � ~ � ñ � ~ �+��
¡(
Thesolution ���:êZ� on ï a �+ð ï passesthrough a sequenceof domains~
J �)()()(�� ~�� . The corresponding sequenceof qualitative statesis

called the qualitative behavior of the systemon the time-interval.
More specifically, a qualitative behavior of thesystemis definedby
��� ����� a �Zð7���j��� ~

J � � � ~
J � ñ � ~

J �+��
¡�*()()()��� ~ � � � � ~ � � ñ � ~ � �+��
+�
Considerthe solution trajectory in figure 3(a), which for given

parametervaluesmoves from an initial statein ~ � towardsa sta-
ble equilibrium in ~ � . Following the above definitions, the so-
lution can be abstractedinto the qualitative behavior

��� �� ��	 � � ��	 	 � ��	 
 � ��	 � � , where
��	 � ��� ~ � �¡i�� = � = � r 
 , ��	 	 �� ~ 	 �¡i r 
 , ��	 
 ��� ~ 
 �5i�� a � = � r 
 , and

��	 � ��� ~ � �¡i�� a � a � r 
 . For
regulatorydomain ~ � , we have ñ � ~ � �e�%i���R P � \ P �ZR [ � \ [ � r . For
the parametervaluesin figure 3, we find R P � \ PS_ Y 	P _ Y �P andR [ � \ [ë_ Y 	[ _ Y �[ . As a consequence,� � ~ � � ñ � ~ � �+� � i�� = � = � r ,
andhence

�
	 � ��� ~ � �¡i�� = � = � r 
 . In the caseof the switchingdo-
main ~ 	 , thesmallestclosedconvex setof thetargetequilibriain ~ �
and ~ 
 consistsof the linear segmentconnecting ��R P � \ P �ZR [ � \ [ �
and � a �ZR [ � \ [ � . For the parametervaluesin figure 3, this segment
doesnot intersectwith & [ � Y �[ , so that � � ~ 	 � ñ � ~ 	 �+�B�©i r and��	 	 ��� ~ 	 �*i r 
 . The other qualitative statesare derived analo-
gously.
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Figure 3. (a) Solution trajectory of thePL model(2)-(3),obtainedfor
given numerical valuesfor theparametersandinit ial conditions.(b)

Transition graphresulting from a simulation of theexample systemstarting
in thedomain è � . Qualitative statesassociatedwith regulatory domainsand

switching domainsareindicatedby unfilled andfilled dots,respectively.
Qualitative statesassociatedwith domainscontaining anequilibrium point

arecircled [2].

The exampleshows how a numericalsolutionof the systemcan
beabstractedinto a qualitative behavior consistingof a sequence of
qualitative states.More generally, every solution � of a quantitative
PL modelon a time-interval ï a �Zð ï canbeuniquelyabstractedinto a
qualitative behavior

��� ����� a �+ð7� .

4.3 Simulation algorithm

Given a qualitative PL modelandqualitative initial conditions con-
sistingof a regulatorydomain ~

J
, onecanaskwhat arethe possi-

blequalitativebehaviorsof thesystem.Determiningthesequalitative
behaviors is theaim of qualitative simulation. Phrasedin a different
way, denotingby * thesetof solutions���:ê+� on sometime-intervalï a �Zð ï of all quantitative PL modelscorresponding to the qualitative
model,suchthat ��� a �·�©� J k ~

J
, the aim of qualitative simula-

tion is to find thesetof qualitativebehaviors thatabstractfrom some� k * .
The simulation algorithm generatesa set of qualitative behav-

iorsby recursively determiningtransitionsbetweenqualitativestates,
startingfrom the qualitative stateassociatedwith the initial domain~
J

[2]. In orderto achievethis,two issuesneedto beaddressed.First
of all, how canwe determinethe qualitative stateassociatedwith a
domainfrom theconstraintson theparameters?Second,how canwe
find thepossibletransitionsfrom this qualitative state?

In orderto determinethequalitativestateassociatedwith adomain~ , we needto derive � � ~ � ñ � ~ �+� from the thresholdand equi-
librium inequalities.This is achieved by computing � � ~ ��+ë� ~ �+� ,
where +ë� ~ � �xg is a hyperrectangular, closedconvex set that
is sureto include ñ � ~ � , but that may be an overapproximationof
the latter. The detailsof the procedure, which consistsof a rather
straightforwardcomparisonof theupperandlowerboundsof ~ and
either the target equilibrium � � ~ � or the target equilibria � � ~ / � ,~ / k ¨ � ~ � , depending on whether~ is a regulatoryor switching
domain,aregivenin [2].

The possibletransitionsaredefinedby two transition rules. The
relative position of the domains ~ and ~ / is given by � � ~ � ~ / � .
As can be easily verified, � � ~ � ~ / � always consistsof a single
sign vector, that is, � � ~ � ~ /'� � i�, r . The domains ~ and ~ /
areassociatedwith qualitative states

�
	
and

��	 / , calculatedto be� ~ � � � ~ � +ë� ~ �+��
 and � ~ /4� � � ~ /s� +ë� ~ /Ö�+��
 , respectively.

Rule 1 Let ~ / k § � ~ � . Thereis atransitionfrom
��	

to
�
	 / , if (1)

� � ~ � +ë� ~ �+�`ó�1i r , and(2) thereis some- k � � ~ �(+ë� ~ �+� , such
that õ </.L<�� = , if &î< is a switchingvariablein ~ / , but not in ~ .

Rule 2 Let ~ k § � ~ / � . Thereis a transitionfrom
��	

to
��	 / , if

(1) � � ~ /4� +ë� ~ /:�+� ó�$i r , and(2) thereis some- / k � � ~ /s� +ë� ~ /:�+� ,
suchthat õ /< .L<tó� � = , if &î< is a switchingvariablein ~ , but not in~ / .

Intuitively, the first transitionrule saysthat, in order to entera
switchingdomain ~ / in the boundary of ~ , sometrajectoriesmust
tend towards ~ / (condition (2)). If ~ is a switchingdomain,then
theremustexist sliding modetrajectoriesin ~ (condition(1)). The
secondtransitionrule saysthat, in orderto entera domain ~ / from
a switchingdomain ~ in theboundaryof ~ / , the trajectoriesin ~ /
mustnottendtowards~ (condition(2)). If ~ / is aswitchingdomain,
thentheremustexist sliding modetrajectoriesin ~ / (condition(1)).

Givenaninitial domain ~
J
, describingtheinitial proteinconcen-

trations � J , thesimulationalgorithmcomputestheinitial qualitative
state

��	
J
, andthendeterminesall possibletransitionsfrom 0

° J
to

successorqualitative statesby meansof the rulesabove. The gen-
erationof successor statesis repeatedin a recursive manner. This
resultsin a directedgraphof qualitative statesand transitions,the
state transition graph, whichcontainsall qualitative statesreachable
from the initial qualitative state.The simulationalgorithmhasbeen
implementedin a new versionof theprogramGNA.

Figure3(b) shows thetransitiongraphfor a qualitative simulation
of the examplesystem,startingin the regulatorydomain ~ � . Con-



siderthe possibletransitionsfrom the qualitative state
��	 
 associ-

atedwith regulatorydomain ~ 
 to qualitative statesassociatedwith
the boundary domains

§ � ~ 
 ���©i ~ 	 � ~ � � ~ ¬ � ~�1 � ~�2 r . We have
to verify whetherthe conditions(1) and (2) of rule 1 areverified.
� � ~ 
 �(+ë� ~ 
 �+� is calculatedto be i�� a � = � r , by meansof theproce-
durein [2], while � � ~ 
 � ~ � � equalsi�� a � = � r . With &-[ a switching
variablein ~ � , but not in ~ 
 , we find that (1) and(2) aresatisfied.
Consequently, thereexists a transitionfrom

��	 
 to
�
	 �

. Transi-
tionsfrom

�
	 
 to theothercandidatesuccessor statesareruledout,
becausethey violatecondition (2).

4.4 Soundness

Given a qualitative PL modelandan initial regulatorydomain ~
J
,

what can be said about the correctnessof the behaviors produced
by qualitative simulation?We demandthat for every � k * , the
transitiongraphcontainsaqualitativebehavior

���
, suchthat

��� �
��� ����� a �Zð7� (soundness).

Theorem 1 Thequalitative simulationalgorithmis sound.

Proof sketchLet � beasolutionin * . On ï a �Zð ï , ���:êZ� traversesase-
quenceof domains~

J ��()()(*� ~ � , where � J k ~
J
. Like in theproof

of the soundnessof QSIM [10], it canbe shown by induction that
the qualitative behavior

��� ���X� a �Zð7� is generatedby the algorithm.
Theproof in [2] restson two propertiesof thesimulationalgorithm.
First of all, the set +ë� ~ � usedin sec.4.3 is sureto include ñ � ~ � .
Second,the transitionrulescover all solutionsleaving a domain ~
andenteringa domain ~ / , ~ / k § � ~ � or ~ k § � ~ / � . 3

5 Discussion

Wehave presentedamethodfor thequalitativesimulationof genetic
regulatory networks describedby a classof piecewise-linear(PL)
differentialequations. The methodis an extensionof [3], which al-
lows one to deal with discontinuitiesin the right-handside of the
differentialequations,occasionedby the useof stepfunctions.The
soundnessof the qualitative simulationmethodguaranteesthat no
solution of a quantitative PL model consistentwith the qualitative
PL modelis omitted.

The qualitative simulationmethodis supportedby the computer
tool GNA, which hasbeenusedto analyzeseveral geneticregula-
tory networks of biological interest,suchasthenetwork underlying
theinitiation of sporulationin B. subtilis describedin [3]. A qualita-
tivesimulationof thissystemunderconditionsconduciveto sporula-
tion, usinga modelconsistingof 9 statevariables,2 input variables,
and58 parameterinequalities,gives rise to a statetransitiongraph
with 465states.Only 82 statesremainaftereliminationof thestates
corresponding to switchingdomainswithoutsliding modesolutions,
which areof limited interestfrom a biologicalpoint of view.

Several waysto dealwith the stepfunction discontinuities in (1)
have beenproposedin the literature,suchas restrictingthe analy-
sis to an easy-to-handle subclassof PL models[4] or relaxing the
discontinuous PL modelsto continuous nonlinear models[11, 13].
Theapproachpresentedherehastheadvantageof puttingno restric-
tionson theclassof geneticregulatorynetworksthatcanbehandled,
while explicitly definingthebehavior of thesystemin thethreshold
planesby meansof simple-to-analyzePL models.On a formal level,
thegeneralizedlogical methodof Thomasandcolleagues[17] is re-
latedto themethodpresentedhere.For a subclassof thePL models

(1), thelogical methodcanidentify equilibriumpointsin thethresh-
old hyperplanes,but a generalway to dealwith thediscontinuitiesis
currentlymissing.

PL modelsof the form (1) can be interpretedas representinga
classof hybrid systems [6, 15], consistingof modesin whichthesys-
temevolvesin acontinuouswayanddiscretetransitionsbetweenthe
modescontrolledby aswitchinglogic. In orderto dealwith disconti-
nuitiesentailedby modetransitions,hybrid-systemsimulationmeth-
ods basedon Filippov solutionshave beendeveloped [12]. These
methodsaresuitablefor (semi-)quantitative, but not for qualitative
PL models.

Theideasunderlyingthequalitative simulationmethoddiscussed
in this paperseemmorewidely applicablein qualitative reasoning,
especiallywhennonlinearfunctionsareapproximatedby piecewise-
linear functions (e.g., [14]). This may give rise to discontinuities
on the boundariesseparatingthe regionswherethe systembehaves
linearly. Currentmethodsfor the qualitative analysisof piecewise-
linearsystems,includingthegeneralsimulationmethodQSIM [10],
arenot ableto dealwith theproblemsoccasionedby sliding modes,
shown in figure 2(a). Generalizationof the Filippov approachto
other qualitative reasoning methodsraises a host of interesting
researchproblems.
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