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Abstract. Methods developedfor the qualitative simulationof dy-
namicalsystemshave turnedout to be powerful tools for studying
geneticregulatory networks. We presenta generalizatiorof a simu-
lation methodbasedn piecavise-lineardifferentialequationrmodels
thatis ableto dealwith discontinuitiesThemethodis soundandhas
beenimplementedn acompuertool calledGNA.

1 Intr oduction

Methodsdevelopedfor the qualitatve simulationof dynamicalsys-
tems have turned out to be powerful tools for studyingthe net-
works of regulatoryinteractionsbetweengenes proteins,and small
moleculeswhich underliethe functioning of living organisms.The
interestin qualitatve methodsfor analyzingthesegenetic regula-
tory networks derivesfrom agenerabbsencef quartitativeinforma-
tion on kinetic parametersand molecularconcentration. As a con-
sequene, traditionalmethodsfor numericalsimulationare difficult
to apply (see[1] for areview).

The qualitatve simulation method describedin [3] is able to
handlelarge and complex networks of regulatory interactions.The
methodis basedn aclassof piecavise-linear(PL) differentialequa-
tionsthathasbeenwell-studiedin mathematicabiology [7, 11, 16].
The PL modelsprovide a coarse-graing descriptionof geneticreg-
ulatory networks,well-adaptedo state-of-the-anneasuremat tech-
niguesin genomics.Moreover, they have mathematicalpropeaties
thatfavour qualitatve analysisof the steady-statand transientbe-
havior of regulatorysystemsThe qualitative simulationmethodhas
beenimplementedn a pulblicly-available computertool, called Ge-
netic Network Analyzer(GNA). The programhasbeenusedto an-
alyze several geneticregulatory networks of biological interest,in-
cluding the network controlling the initiation of sporulationin B.
subtilis[3].

The PL modelscontain stepfunctions describingthe regulatory
interactionsn anetwork. Thisintroducediscontinuitiesn theright-
handside of the differentialequationswhich may give rise to non-
trivial mathematicaproblems[11]. In the abore-mentionedsimula-
tion method,theseproblemsweretreatedby redefiningthe discon-
tinuous,piecavise-linearmodelsasa limit caseof continuots, non-
linear models[3, 11]. The resultingsimulationmethodhasturned
outto beunsatisfictory becausét is notsound,in thesensehatit is
notguaraneedto predictall possiblequalitatve behaiors of thesys-
tem[10]. Soundnesss critical for mary applicationssuchasmodé
validationandmodeldiscrimination.
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Recentwork onthe generalizatiorof the PL differentialequations
to differentialinclusionsallows thediscontintitiesto be dealtwith in
amathematicallyproperandpracticallyusefulmanner8]. Thegen-
eralizationis basedn anapproachdevelopedby Filippov [5], which
hasbeenwidely usedin controltheory Themajorcontritution of this
paperis to shav how the methodfor the qualitative simulationof ge-
neticregulatorynetworkscanbegeneralizedn theline of Filippov's
work. This generalizatiorresultsin a simulationalgorithmwith the
desiredsourdnessproperty Beyond their applicationin the context
of geneticregulatory networks, the ideasunderlying the generaliza-
tion maybeausefulcomplenentto othermethoddor the qualitative
analysisof dynamicalsystemsbasedon the approxmation of com-
plex nonlinearfunctionsby piecevise-linearfunctiors (e.g., [14]).

After abrief review of PL modelsof regulatorynetworks (sec.2),
we will discussthe Filippov generalizationn sec.3. The qualitatve
simulationmethodbasedon this approachs describedn sec.4, fol-
lowed by adiscussiorin the contet of relatedwork in sec.5.

2 PL modelsof geneticregulatory networks

The dynanics of gendic regulatory networks canbe modeledby a
classof piecavise-lineardifferentialequationsof the following gen-
eralform[7, 11, 16]:

wherex = (z1,...,x,)" is avectorof cellularproteinconcentra-
tions,and f = (f1,...,f»)’, g = diag(g1, ..., gn). Therateof

changeof eachconcentrationz;, 1 < ¢ < n, is definedasthe dif-

ferenceof the rate of synthesisf;(x) and the rate of degradation
gi(x) z; of theprotein.Thefunction f; : RS, — Rx consistof a

sumof stepfunctionexpressionseachweightedby arateparameter
which expresseghe logic of generegulation[11, 16]. The function
gi : RZ, — Ry isdefinedanalogosly.

Figure1 givesanexampleof asimplegeneticregulatorynetwork.
Genesa andb, transcribedrom separat@romotersencock proteins
A andB, eachof which controlsthe expressionof bothgenesMore
specifically proteinsA andB represgjenea aswell asgeneb at dif-
ferentconcentrationsRepressiomwf thegeneds achievzed by binding
of theproteinsto regulatorysitesoverlappingwith the promoters.

Thenetwork in figure 1 canbe describedoy meansof the follow-
ing pair of stateequatiors:

Go = FKa 8 (Ta,02) ™ (%b,05) — Ya Ta (2

&y = ko5~ (Tas0a) s~ (b, 6) — Vb To- 3)

Genea is expresseditaratex, > 0, if theconcentrationof protein
A is below its thresholdd? andthe concentratiorof proteinB below



its thresholdéz, thatis, if s~ (x4, 62) s~ (xs,0;) = 1. Recallthat
s~ (z,0) is a stepfunction evaluatingto 1, if z < 6, andto O, if

x > 6. ProteinA is spontaneosly degradel at arateproportionalto
its own concettration (y, > 0 is arateconstant) The stateequation
of geneb is interpretedanalogouly.
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Figurel. Exampleof agendic regulatory network of two genes (a andb),
ead codingfor aregulatory protein (A andB).

The dynamical propertiesof PL modelsof the form (1) canbe
analyzedn then-dimensiondphasespacéoxQ = O x ... x Q,,
whereQ; = {z; € R>o | 0 < z; < maz;}, 1 <i < n, andmaz;
is a parametedenotinga maximumconcentratiorfor the protein.

In general,a protein encodkd by a geneis involved in differ-
entinteractionsat differentthresholdconaentrationswhich afteror-
dering are denotedby 6}, . ..,8%. Then — 1-dimension& hyper
planesz; = 0f 1 < k; < p;, divide Q into regions that are
called domains. More precisely a domainD C Q is definedby
D = D; x ... x D,, whereevery D;, 1 < i < n, is defined
by oneof theequationgelow:

D; ={z; |0 < zi < 6;},
D; ={z; | ;i = 91'1}7

D; ={z; | 8} <z; <6},
4)
D; ={=z; | ¥ < z; < maz;}.

If foradomainD, therearesomei, j,1 <i<mn,1 < j < p;, such
thatD; = {z; | z; = 9{}, then D is called a switching domain
The correspading variablesz; are called switching variables. The
order of a switchingdomainis a numkber betweenl andn, equalto
the numberof switchingvariables A domainthatis not a switching
domainis calledaregulatory domain.A dendesthe setof domains
in Q.

In figure 2(a) the two-dimensimal phasespacebox Q for the
example network is shavn. As proteinsA and B eachhave two
thresholdsthe phasespacebox is partitionedinto 9 regulatoryand
16 switching domains.For example, D' = {(zq,z3) € R* |
0 <2z, <6 0< z, < 6} is aregulatory domain,whereas
D* = {(za,2p) € R? | 0 < x4 < 62, x, = 67} is a(first-order)
switchingdomain.

Whenevaluatingthe stepfunction expressionsn (1) in aregula-
tory domain, f; andg; reduceto sumsof rate constantsMore pre-
cisely, in aregulatorydomain D, f; reduceso somep? € M; =
{fi(x) | 0 £ ¢ < mazx}, andg; to somev? € N; = {gi(z) |
0 < & < maxz}. Inside D, the stateequatiors thus simplify to
linearandorthogmal differentialequations

t=pu" -1z, 5)
wherep” = (u?,...,pu2) andv? = diagv?,...,v>). Since
thestepfunctionsarenotdefinedatthethresholdsthestateequations
arenot definedin the switchingdomains.

For every regulatory domain D € A, we define the function
¢:(D) = p?P /vP. Analysisof (5) shavs that all solution trajec-
toriesin D monotorically tendtowardsatarget equilibrium, astable
equilibriumgivenby ¢ = ¢(D), with ¢ = (¢1,- .., é»)" [4, 16].

In the example,we have M, = {0,k.}, No = {~v.} for pro-
tein A, and My, = {0,kp}, No = {7y} for proteinB. In regu-
latory domain D! in figure 2(a), the trajectoriestend towards the
target equilibrium ¢(D') = (K /Ya, kb/7s)- Differentregulatory
domainsgenerallyhave differenttarget equilibria. For instance,in
regulatorydomainD?, thetargetequilibriumis givenby (0, 5 /7s)-

The global solution of (1) could be obtainedby piecingtogether
thelocal solutionsin regulatorydomainsin suchaway asto guaran-
teecontinuity of theglobalsolutionacrosshethresholdhyperpanes
[4, 16]. Thisworksfine aslong astrajectoriesarriving ata threshold
hyperplanecanbe continuedin anothemregulatorydomain,e.g., tra-
jectoriesarriving atthe switchingdomainD? from theregulatorydo-
main D! (figure2(a)). However, whenthe trajectorieson both sides
of athresholdhyperplaneavolve towardsthis plane,asin the caseof
trajectoriesarriving from D® and D® at D*, mathematicaperple-
ities arise. Thereis no indication on how the local solutionsin D?
andD® canbe continued.

3 Analysis of discontinuitiesin PL models

Thetroublesat the thresholdhyperplanesre causedoy discontinu-
ities in theright-handsideof (1), dueto the useof stepfunctions.In
orderto dealwith thesediscontinuitieswe will usea methodorig-
inally propasedby Filippov [5]. This method,recently applied by
Gouz andSari[8] to PL system®f theform (1), consistf extend-
ing a systemof differentialequatiors with discontinuos right-hand
sidesinto a systemof differentialinclusions.

Let D beaswitchingdomainof orderk. Let C' bethehypergane
of dimensionn — k containingD. The boundary of D in C is the
setB(D) of all pointsz € C, suchthateachball B¢(x, €) in C of
centerz andradiuse > 0 intersectdboth D andC' \ D [9]. In the
casethat D is aregulatorydomain,C equals).

Now, for every D € A we definethesets

A(D)={D' € A| D' C B(D)}
R(D) = {D' € A| D' regulatorydomain,D C B(D')}

A(D) containsthe domainsin the bourdary of D, whereasR(D)
containgtheregulatorydomainsthathave D in their boundary

In the caseof the regulatory domain D* in figure 2(a), we find
A(DY) = {D?,D% D"}, while A(D?) = {D"}. Furthermore,
R(D") = {} andR(D?) = {D', D3}.

Thebasicideaof theFilippov approat is to extendthedifferential
equationg1) into differentialinclusions

& € H(x), (6)

whereH : Q — S(Q) is aset-aluedfunction?
Forx € D, andD aregulatorydomain we defineH (x) as

H(z) = {u° — " a}. @

Noticethat,sincethesetH (x) containsasingleelementtheexten-
sionof the PL systemagreeswith the original systemin the regula-
tory domainslf D is aswitchingdomain,H (x) is definedby

H(z)=co({p” —v” x| D' € R(D)}). ®)

The smallestclosedcorvex setéo (E) of asetE is theintersection
of all closedcorvex setscontainingE [5]. In the caseof switching
domains.H (x) will notgenerallybe single-alued.

Let & = (...,08 .. ), k = (... ki,...), andy =
(71,+..,7)" be numerical parametervalues. Furthermore, let

2 S(E) representsthe powersd of asetFE.
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Figure2. (a)Phasespacebox for the example network in figure 1. ¢(D'), ¢(D3), ¢(D?) denotethetarget equilibria of the regulatory domairs D!, D3,
D5, andareassumedo lie in the upperrght, upperldt, andlowerleft regulatory domainsyespedt/ely. In additon, the figure shavs the discontnuitiesat the
switching domainsD? and D*. (b)-(c) Determnationof the target equilibrium sets®(?) and®(D*).

xz(0) = xo € Q representheinitial conditions.An absolutelycon-
tinuousfunction z(t) = &(t,0, o, 8, k, ) is a solution of (6) in
the senseof Filippov on [0, 7[, 7 > 0, if (0) = xo andfor almost
allt € [0, 7[ it holdsthata(t) € H (x(t)) [5]. Thequalification‘for
almostall ¢ € [0, 7[ meanshatthe setof time-pointsfor which the
conditiondoesnotholdis of measurd. For all initial valueszy € Q
thereexists a solutionof (6) on [0, 7. However, this solutionis not
guaranteedo beunique.

For every domainD, a so-calledtarget equilibrium set @(D) can
bedefined.If D is aregulatorydomain,then

®(D) = {&(D)}. 9)

If D is a switchingdomain the definitionis a little bit more com-
plicated.Let D be a switchingdomainof orderk, containedin the
n — k-dimensioral hyperplare C. Then

¥(D) =Cn{e({p(D") | D' € R(D)}). (10)

Thatis, ®(D) isthesmallestlosedcorvex setof thetametequilibria
of regulatory domainsD’ having D in their bounday, intersected
with the hyperganecontainingD.

A solution eitherinstantaneosly crossesa switchingdomainor
remainsin it for sometime = > 0, sliding alongthe thresholdhy-
perplanecontainingthe domain Gouz andSari[8] have shaovn that
the latter sliding mode solutionsexist in a switchingdomain D, iff
®(D) # {}. The sliding mode solutionsmonotorically tendsto-
wards a tamget equilibriumin ®(D) [8]. Because®(D) doesnot
generallyinclude a single point, the behaior of the systemis not
uniquelydeterminedy the differentialinclusion(6).

Considerthe examplesin figure 2(b)-(c). The target equilibrium
set®(D?) of the switching domain D? is defined,following (10),
by the intersectionof za({p(D'), ¢(D*)}) andthe thresholdhy-
perplaner, = ;. Thesmallesiclosedcorvex setconsistof thelin-
ear sggmentconnectingthe points (ka /Ya, k5 /75) and (0, ks /7s).
&(D?) andthe thresholdplanex; = 6 do notintersectin the fig-
ure,so®(D?) = {} andall solutionsinstantaneasly crossD”.

This is differentin the caseof D*. Here, the target equilibrium
set ®(D*) is given by the intersectionof z({¢(D?), ¢(D®)}),
the linear segmentconnectingthe points (0, s /v,) and (0, 0), and
the thresholdhyperpla z, = 67. Consequetty, ®(D*) equals
{(0,6%)}, andthereexists a (unique)sliding modesolutionin D*,
tendingtowards (0, §7). Becausethe target equilibrium lies inside
D*, it is also a steadystateof the system.Closeranalysisreveals
thatthe equilibrium (0, 62) is stable.Notice the intuitive validity of
theFilippov approa&h: solutionsarriving at D* from D? or D® slide
alongthethresholdplanetowardsthe equilibrium.

4 Method for qualitati ve simulation
4.1 Qualitative constraints on parameters

Most of the time, precisenumericalvaluesfor thethresholdandrate
parameteré (1) will notbeavailable.Insteadwe will specifyqual-
itative constrainton the parametevalues asexplainedin [3]. These
constraintshaving the form of algebraidnequdities, canusuallybe
inferredfrom biologicaldata.

The first constraintis obtainedby orderingthe p; thresholdcon-
centrationf genei, yielding the threshold inequalities. In the case
of proteinA, therearetwo thresholdconcerrations:6; and6?. As-
sumingthefirst to belower thanthe secom, we obtainthethreshold
inequalitiesd < 62 < 62 < maz,. Theorderingof the thresholds
of proteinB giveriseto 0 < 8} < 67 < magzy.

Secondthepossibleargetequilibriumlevelsy? /v of z; in dif-
ferentregulatorydomainsD € A canbeorderedwith respecto the
thresholdconcentrations.The resultingeguilibrium inegualities for
Z in theexampleare§? < Ka/Ya < maz.In theabsencef pro-
tein B, while protein A hasnot yet reachedts highestlevel, genea
is expresseditaratex,. Thecorresponahg targetequilibriumvalue
Ka/%a Of o, mustbe above the secondthresholdé?, otherwisethe
concentratiorof the proteinwould not be ableto reachor maintaina
level atwhich the obsenednegative autorgyulationof genea occurs.
In asimilarway, we setd? < ks/vs < mazs for zy.

A quantitative PL modelof a geneticregulatorynetwork consists
of stateequationg(1) and numericalparametevaluese@, k,~. In a
qualitative PL model,on the otherhand,the stateequatiors aresup-
plementedy thresholdandequilibriuminequalities Every quartita-
tive PL modelcanbeuniquely abstractednto a qualitative PL model.

4.2 Qualitative statesand behaviors

An intuitive qualitative descriptiorof the stateof aregulatorysystem
consistof thedomainin which the systenresidessupplemeted by
the positionwith respecto this domainof the setof targetequilibria
to which the stateof the systemtends.A qualitatve behavior is then
givenby thesequencef qualitatve statedraversedby the system.
We first definea functionv : A x Q — {—1,0,1}" thatmaps
adomainD anda point e to a signvectorr describingthe relative
positionof D ande. If z; is anon-switchingvariable then

1 ,ife; >supD;,
r; = 0 ,ifinf D; <e; < supD;,
-1 y if €; Sil’lfDi.



On the otherhand, if T is a switchingvariable,then D; containsa
singlethresholdvalue#?, and

1, ife; > 6,
ri=4 0 ,ife; =6,
-1 ,ifei<6l.

Generalizingthe definition, we obtainthe setfunction vV : A x
S(©) = S({-1,0,1}") thatmapsadomainD andasetE to aset
of signvectors:V (D, E) = {v(D,e) | e € E}.

Let z(t) = £(t,0,x0, 0, k,v) be the solution of a quartitative
PL modeldescribinga regulatorynetwork onthetime-intenal [0, 7.
Now supmsethat for somet, 0 < ¢ < 7, we have x(t) € D,
D € A. The point z(t) correspods to a qualitative state of the
systemdefinedby

QS(x,t) =(D,V(D,2(D))).
Thesolutionz(t) on [0, 7[ passeshrouch a sequencef domains
D° ..., D™. The corresponihg sequenceof qualitative statesis

called the qualitative behavior of the systemon the time-intenal.
More specifically a qualitatve behaior of the systemis definedby

@B(z,0,7) = ((D°,V(D°,&(D"))),..., (D™, V(D™,&(D™))))

Considerthe solution trajectoryin figure 3(a), which for given
parametervaluesmoves from an initial statein D! towardsa sta-
ble equilibrium in D*. Following the above definitions, the so-
lution can be abstractedinto the qualitatve behaior QB =
(QS', Q5% Q8% Q8*), where QS* = (D', {(1,1)}), QS =
(D, {}), @8 = (D*,{(0,1)}), and QS* = (D*,{(0,0)}). For
regulatorydomain D*, we have ®(D"') = {(ka/Ya,ks/7)}. FOr
the parametewaluesin figure 3, we find s, /v, > 62 > 6. and
ku/ve > 67 > ;. As aconsegence,V (D', ®(D")) = {(1,1)},
andhence@S"' = (D', {(1,1)}). In the caseof the switchingdo-
main D?, thesmallestlosedcorvex setof thetargetequilibriain D*
and D* consistsof the linear segmentconnecting(ka /Ya, k6 /7s)
and (0, /7). For the parametewvaluesin figure 3, this sggmert
doesnot intersectwith z;, = ;, sothatV(D?, ®(D?)) = {} and
QS?* = (D? {}). The other qualitatve statesare derived analo-
gously
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Figure 3. (a) Solutiontrajectory of the PL model(2)-(3), obtaired for

given numericé valuesfor the paranetersandinitial conditons. (b)
Transition graphresuling from a simulaion of the example systemstarting
in thedomainD?. Qualitative states assocatedwith regulatory domainsand
switching domairs areindicatedby unfilled andfilled dots,respetively.
Qualitative states associted with domairs contaning anequiibrium point
arecircled [2].

The exampleshawvs how a numericalsolution of the systemcan
be abstractednto a qualitatve beharior consistingof a sequene of
qualitative statesMore generally every solutiona of a quartitative
PL modelon atime-intenal [0, 7[ canbe uniquelyabstractednto a
qualitatve behaior @B(x, 0, 7).

4.3 Simulation algorithm

Given a qualitatve PL modeland qualitative initial conditiors con-
sistingof a regulatorydomain D°, one canaskwhat arethe possi-
ble qualitative behaviors of thesystemDeterminingthesequalitative
behaiors is the aim of qualitative simulation. Phrasedn a different
way, denotingby X the setof solutionsz(t) on sometime-intenal
[0, 7] of all quantitatve PL modelscorrespoding to the qualitatve
model,suchthatz(0) = xo € D°, the aim of qualitative simula-
tion is to find the setof qualitative behaviors thatabstracfrom some
z € X.

The simulation algorithm geneatesa set of qualitatve behar-
iorsby recursvely determiningransitionsbetweerualitatve states,
startingfrom the qualitative stateassociatedvith the initial domain
DO [2]. In orderto achiere this, two issuesieedto beaddressedirst
of all, how canwe determinethe qualitative stateassociatedvith a
domainfrom the constraintoon the parameters8econdhow canwe
find the possibletransitionsfrom this qualitative state?

In orderto determinghequalitative stateassociategvith adomain
D, we needto derive V(D, ®(D)) from the thresholdand equi-
librium inequalities.This is achiezed by computingV' (D, ¥ (D)),
where ¥(D) C Q is a hyperrectangiar, closedcorvex setthat
is sureto include ®(D), but that may be an overapgoximation of
the latter The detailsof the procedue, which consistsof a rather
straightforvard comparisorof the upperandlowerbowndsof D and
either the target equilibrium ¢(D) or the target equilibria ¢(D'),
D' € R(D), dependig on whetherD is a regulatoryor switching
domain,aregivenin [2].

The possibletransitionsare definedby two transition rules. The
relative position of the domainsD and I)' is givenby V (D, D").
As can be easily verified, V/(D, D') always consistsof a single
sign vector thatis, V(D,D’) = {w}. The domainsD and D’
areassociatedvith qualitative statesQS and QS’, calculatecto be
(D,V(D,¥(D))) and(D',V (D', ¥(D"))), respectiely.

Rule 1 LetD' € A(D). Thereis atransitionfrom QS to QS’, if (1)
V(D,¥(D)) # {}, and(2) thereis somev € V (D, ¥(D)), such
thatv; w; = 1, if z; is aswitchingvariablein D', but notin D.

Rule2 Let D € A(D'). Thereis atransitionfrom QS to QS’, if
(LV(D',¥(D")) # {}, and(2) thereis somev’ € V (D', ¥(D")),
suchthatv, w; # —1, if z; is a switchingvariablein D, but notin
D'

Intuitively, the first transitionrule saysthat, in orderto entera
switchingdomain D’ in the bourdary of D, sometrajectoriesmust
tendtowards D' (condition (2)). If D is a switching domain,then
theremustexist sliding modetrajectoriesn D (condition(1)). The
secondransitionrule saysthat, in orderto entera domainD’ from
a switchingdomainD in the bourdary of I, the trajectoriesn D’
mustnottendtowardsD (condition(2)). If D’ is aswitchingdomain,
thentheremustexist sliding modetrajectoriesn D' (condition(1)).

Givenaninitial domainD?, describingtheinitial proteinconcen-
trationsz, the simulationalgorithmcompuestheinitial qualitatve
state$°, andthendeterminesall possibletransitionsfrom QS° to
successogualitative statesby meansof the rules above. The gen-
erationof successostatesis repeatedn a recursie manner This
resultsin a directedgraphof qualitatve statesand transitions,the
state transition graph, which containsall qualitatve stategeachable
from theinitial qualitative state.The simulationalgorithmhasbeen
implementedn anew versionof theprogramGNA.

Figure3(b) shawvs the transitiongraphfor a qualitatve simulation
of the examplesystem startingin the regulatory domain D*. Con-



siderthe possibletransitionsfrom the qualitative state QS associ-
atedwith regulatorydomainD? to qualitative statesassociatedvith

the boundary domainsA(D®) = {D?, D* D", D%, D°}. We have

to verify whetherthe conditions(1) and (2) of rule 1 are verified.
V (D3, ¥(D?)) is calculatedto be {(0, 1)}, by meansof the proce-
durein [2], while V/(D?, D*) equals{(0, 1)}. With z, a switching
variablein D*, but notin D?, we find that (1) and (2) aresatisfied.
Consequatly, there exists a transitionfrom Q8% to QS8*. Transi-
tionsfrom QS? to the othercandidatesuccessostatesareruledout,
becausehey violate condtion (2).

4.4 Soundness

Given a qualitative PL modelandan initial regulatorydomainD°,
what can be said aboutthe correctnes®of the behaviors produced
by qualitatve simulation?We demandthat for every x € X, the
transitiongraphcontainsa qualitatve behaior @B, suchthat QB =
@B(z,0,7) (soundness).

Theorem 1 Thequalitatve simulationalgorithmis sound.

Proof sketchLetx beasolutionin X. On[0, 7[, z(t) traversesase-
quenceof domainsD®, ..., D™, wherex, € D°. Likein theproof
of the sourdnessof QSIM [10], it canbe shavn by induction that
the qualitatve behaiior QB(x, 0, ) is generatedy the algorithm.
Theproofin [2] restson two propertiesof the simulationalgorithm.
First of all, the set¥ (D) usedin sec.4.3is sureto include ®(D).
Secondthe transitionrules cover all solutionsleaving a domainD
andenteringadomainD’, D' € A(D) or D € A(D"). O

5 Discussio

We have presentecé methodfor the qualitative simulationof gendic
regulatory networks describedby a classof piecavise-linear(PL)
differentialequatiors. The methodis an extensionof [3], which al-
lows oneto deal with discontinuitiesin the right-handside of the
differentialequationspccasionedy the useof stepfunctions.The
soundressof the qualitative simulation methodguaraneesthat no
solution of a quartitative PL model consistentwith the qualitative
PL modelis omitted.

The qualitative simulationmethodis supportedby the computer
tool GNA, which hasbeenusedto analyzeseveral geneticregula-
tory networks of biologicalinterest,suchasthe network underlying
theinitiation of sporulationin B. subtilis describedn [3]. A qualita-
tive simulationof this systemunder condtions conducveto sporula-
tion, usinga modelconsistingof 9 statevariables2 input variables,
and 58 parameteinequalities givesrise to a statetransitiongraph
with 465 statesOnly 82 stategemainaftereliminationof the states
correspoding to switchingdomairs without sliding modesolutions,
which areof limited interestfrom a biological point of view.

Severalwaysto dealwith the stepfunction discontinities in (1)
have beenproposedin the literature,suchasrestrictingthe analy-
sisto an easy-to-hadle subclassof PL models[4] or relaxing the
discontinuais PL modelsto continuows nonlinear models[11, 13].
Theapproactpresentederehasthe advantag of puttingno restric-
tionsonthe classof geneticregulatorynetworksthatcanbehandled
while explicitly definingthe behavior of the systemin thethreshold
planeshy meansof simple-to-analye PL models.On aformallevel,
thegeneralizedogical methodof Thomasandcolleagueg17] is re-
latedto the methodpresentedere.For a subclasof the PL models

(1), thelogical methodcanidentify equilibrium pointsin the thresh-
old hyperplaneshut ageneralway to dealwith the discontinuitieds
currentlymissing.

PL modelsof the form (1) canbe interpretedas representinga
classof hybrid systems [6, 15], consistingof modesin whichthesys-
temevolvesin acontinuousvay anddiscreteransitionsbetweerthe
modescontrolledby aswitchinglogic. In orderto dealwith disconti-
nuitiesentailedby modetransitionshybrid-systensimulationmeth-
ods basedon Filippov solutionshave beendeveloped [12]. These
methodsare suitablefor (semi-)quantitatie, but not for qualitatve
PL models.

Theideasunderlyingthe qualitative simulationmethoddiscussed
in this paperseemmorewidely applicablein qualitatve reasoning,
especiallywhennonlinearfunctionsareapproximatedy piecavise-
linear functions (e.g., [14]). This may give rise to discontinuties
on the boundariesseparatinghe regionswherethe systembehaes
linearly. Currentmethodsfor the qualitative analysisof piecavise-
linearsystemsincluding the generakimulationmethodQSIM [10],
arenot ableto dealwith the problemsoccasimedby sliding modes,
shavn in figure 2(a). Generalizationof the Filippov approachto
other qualitatve reasoing methodsraisesa host of interesting
researctproblems.
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