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Abstract

Methodsdeveloped for the qualitative simulationof dynam

ical systemshave turnedout to be powerful tools for study-
ing geneticregulatorynetworks. We presenta generalization
of asimulationmethodbasedn piecevise-lineardifferential

equationmodelsthatis ableto dealwith discontinuitiesThe

methodis soundand hasbeenimplementedin a compuer

tool calledGNA.

Intr oduction

Methods develgpedfor thequalitative simulationof dynami-
calsystemdaveturned outto be powerful toolsfor studying
the networks of reguatory interactiors betweergenespro-
teins, and small moleailes which uncerlie the functioning
of living organisms.The interestin qualitatve method for
analyzirg thesegeneticregulatory networksderivesfrom a
geneal absenceof quantitative information on kinetic pa-
rametersandmolealar concentations. As a corsequence,
traditioral method for numericé simulationaredifficult to
apply (see(deJong20032 for areview).

The qualitative simulationmethoddescrited in (de Jong
etal. 200Lb)is ableto handlelarge andcompex networks
of regulatoryinteractiors. The methodis basedon a class
of piecavise-linear(PL) differertial equatios thathasbeen
well-studiedin mathenatical biology (Glass& Kauffman
1973 Mestl,Plahte & Omhdt 1995;Snotssi198). ThePL
modds provide a coarse-gaineddescriptim of geretic reg-
ulatory networks, well-adaptedo state-ofthe-artmeasure
menttechnquesin genonics. Moreover, they have math-
ematical properties that favour qualitatve analysisof the
steady-stateand transientbehaior of reguatory systems.
Thequalitative simulationmethodhasbeenimplenentedin
a puHicly-availablecomputertool, called GeneticNetwork
Analyzer (GNA) (de Jongetal. 2002. The progam has
beenusedto analye severalgeneticreguatory networks of
biologcal interestjncludng thenetwork controlling theini-
tiation of spordationin B. subtilis(de Jongetal. 200Lb).

A shortversion of this paperappearsn F. van Harmelen(ed.),
Proceedingsof the 15th EuropeanConfeenceon Artificial Intel-
ligence ECAI2002 10S PressAmsterdam2002

ThePL modelscontainstepfundionsdescribinghereg-
ulatory interadionsin a network. This introducesdisconti-
nuitiesin the right-hand side of the differential equatias,
which may give rise to nontivial mathematicabrodems
(Plahte,Mestl, & Omhdt 1994. In the abose-mertioned
simulationmethal, theseprodemsweretreatedby redefin
ing the discontinwus, piecavise-linear modelsas a limit
caseof continwus,nonlinearmodels(deJongetal. 2001D).
Unfortunately theresultingsimulationmethods notsound
in the sensethatit is not guarateedto predct all possible
guditative behaiors of the system(Kuipeis 199). Sound
nessis critical for mary applicatios, suchasmodel valida-
tion andmodeldiscrimination

Recentwork on the genealizationof the PL differential
eqguationsto differentialinclusionsallowsthedisconinuities
to be dealtwith in a mathenatically proper andpradically
usefd manner(Gouz & Sari200]). The generalizton is
basedon anappoachdevelopedby Filippov (1983), which
hasbeenwidely usedin contol theoy. The major con-
tribution of this pager is to shov how the methd for the
quditative simulation of geneticregulaory networks can
be gereralizedin the line of Filippov's work. This gen-
eralization resultsin a simulation algorithm with the de-
sired sounchessproperty. Beyond their applicdion in the
cortext of geneticreguatory networks, the ideasuncerly-
ing the generéization may be a usefulcomplenentto other
methals for the qualitative analysisof dynanical systems
basedn the appoximatian of comgex norlinearfunctions
by piecavise-linea functions (Nishida & Doshita 19%;
Sacks199).

After abrief review of PL mocelsof regulatay networks,
we will discusghe Filippov generéization. The qualitatve
simulationmethodbasedon this appoachis describd, fol-
lowed by its applicatio to a real exanple, the reguatory
network uncerlying the initiation of spordation in B. sub-
tilis. A discussiorin the contet of relatedwork concludes
thepape:.



PL modelsof geneticregulatory networks

The dynanics of geretic regulatory networks canbe mod-
eled by a classof piecavise-linear differential equatios
of the following generé form (Glass& Kauffman 1973
Mestl, Plahte, & Omholt19%; Snoussil9®):
wherex = (z1,...,2,)" is avectorof cellularpratein con-
centratims,and f = (f1,...,f2)', g = diadg1,.-.,9n)-
Therateof chang of eachconentrationz;, 1 < i < n, is
definedasthe differenceof the rate of synthesisf;(x) and
therateof degradationg;(x) z; of the protein. Thefunction
fi : RZ; — Ry consistof a sumof stepfunction expres-
sions,eachweightedby a rate paraneter which expresses
thelogic of genereguation (Mestl, Plahte & Omholt1995
Snoussil98). Thefunction g; : R%, — R, is defined
analogusly B

Figurel gives anexampe of a simplegeretic regulatory
network. Genesa andb, transcibedfrom separatgronot-
ers, enco@ proteinsA and B, eachof which contrds the
expressiorof bothgenes! More specifically prateinsA and
B repress gere a aswell asgeneb at different conceitra-
tions. Repressiomf thegene is achiesed by binding of the
proteirs to regulatorysitesoverlappirg with the pronoters.

Thenetwork in figure1 canbe describedy mears of the
following pair of stateequatioss:

Tq = Kq 3_(1'&:93) 5_(xb7911) Ya Ta (2)
&y = kp s (Tq,08) s (2b,07) — Yo Tp- (3)

Genea is expressedat aratexk, > 0, if the concetra-
tion of protein A is below its thresholdd? and the con-
centratio of protem B below its threshéd 6%, thatis, if
s (24,0%) 5™ (23,0;) = 1. Recallthats™(z,6) is a step
function evaluatmgtol if z < 6,andto0,if z > 6. Protein
A is spontarouslydegradedatarateproportioral to its own
concetration(vy, > 0 is arateconstant).Thestateequation
of geneb is interpretedanalogaisly.

— > A B O——m
L |
SEE V-
P —— ;
a

Figurel: Exanple of a geneticregulatay network of two
geneqa andb), eachcodingfor aregulatay protein(A and
B).

The dynanical propaties of PL modelsof the form (1)
canbeanalyzedn then-dimersionalphasespacebox 2 =
Q1 X ... x Q,,whereQ); = {Z’z (S RZO | 0<zx; < maavi},
1 < i < n, andmaz; is a paraneterderoting a maximum
concerrationfor theprotein.

In geneal, a pratein encaled by a geneis involved in
different interadions at different threshdd corcentratiors,
which afterorderingaredendedby 6}, ..., 6%". Then — 1-

dimensimal hyperplanest; = Hfi, 1 < k; < p;, divide

1As anotationalconvention nameof genesareprintedin italic
andnamesof proteinsstartwith a capital.

into regions thatarecalleddomairs. More precisely a do-
mainD C Qisdefinedby D = Dy x ... x D,,, whereevery
D;, 1 < i < n,is definedby oneof theequatimsbelow:

D; ={z; |0 < z; < 6;},
D; ={z; | z; = 6;},
4)
D; ={z; | 67 < z; < maz;}.
If for adomainD, therearesomei,j, 1 < i < n,1 <
J < pi, suchthatD; = {z; | z; = 6]}, thenD is calleda
switchingdomain Thecorrespndingvariadesz ; arecalled
switching variables The order of a switchingdomein is a
nunberbetweenl andn, equalto the nunber of switching
valiables.A domainthatis notaswitchingdoman is called
aregulatory doman. A denoteghesetof domansin Q.

In figure 2(a) the two-dimersional phasespacebox (2
for the exanple network is shavn. As proteirs A and B
eachhave two threstolds,the phasespaceboxis partitioned
into 9 regulatay and 16 switchingdomairs. For exampe,
D' = {(zq,25) ER? |0 <z, < 0L, 0< 3, <Ol}is
aregulatorydomam whereasD* = {(ma,wb) eR|0<
T, <0, z, = 62} is a(first-order) switchingdomain

When evaluding the stepfundion expressionsin (1) in
aregulatay domain f; andg; reduceto sumsof ratecon-
stants.More preciselyin aregulatorydomain D, f; reduces
to someu? € M; = {fi(z) | 0 < = < maz}, andg;
to somev? € N; = {gi(z) | 0 < = < maz}. Inside
D, the stateequaionsthussimplify to linearanddecoyled
differentialequatims

z=puP —1Pe, (5)
whee u? = (uP, ..., uP) andv? = diagvP,...,vD).
S|ncethestepfunctlonsarenotdeflnej atthethreshdds, the
stateequatios arenotdefinedin the switchingdomains.

For every reguatory domain D € A, we define the
function ¢;(D) = pP/vP. Analysis of (5) shawvs that
all solution trajectoriesin D mondonically tend towards
a target equilibrium a stableequilibium givenby = =
&(D), with ¢ = (¢1,...,¢,) (Edwards et al. 2001;

Sqﬂlﬁ’?’éj&%pe,we have M, = {0,kq}, Ny = {7a} for
praein A, and M, = {0,kp}, Ny = {7} for proteinB.
In regulatay doman D' in figure 2(a),thetrajectoiestend
towards the target equilibrium ¢(D1) = (Ka/Yas K6/7b)-
Differentregulatay domans geneally have differenttarget
equlibria. Forinstancejn regulatay domainD 3, thetarget
equlibrium is given by (0, kp/7s).

The globd solution of (1) could be obtainedby piec-
ing togetter the local solutiors in reguatory domans, in
sucha way asto guaanteecontiruity of the global solu-
tion acrosghethreshdd hypeplanes(Edwardset al. 2001;
Snotssi 1989. This works fine aslong astrajectoriesar-
riving atathresholdhyperplare canbe continuel in anotler
regulatorydomain e.g., trajectoriesarriving attheswitching
domain D2 from the reguatory domain D' (figure 2(a))
However, whenthe trajectoies on both sidesof a thresh-
old hyperplaneevolve towards this plane,asin the caseof
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Figure2: (a) Phasespacebox for the example network in figure 1. ¢(D1), ¢(D?), ¢(D?) denotethe target equilibria of
the reguatory domairs D!, D3, D%, andareassumedo lie in the upperight, uppeleft, andlowerleft regulatay domains,
respectidy. In addition the figure shavs the discortinuities at the switchingdomains D 2 and D*. (b)-(c) Determinatio of

thetargetequilibrium sets®(D?) and®(D*).

trajectoriesarriving from D3 and D® at D*, mathematicl
perpleities arise. There is no indicationon how the local
solutionsin D3 and D5 canbecontirued.

Analysis of discontinuitiesin PL models

Thetroublesatthethresholdchyperplamsarecausedy dis-

contindties in the right-handside of (1), dueto the useof

stepfunctions. In orderto dealwith thesediscontinuties, we
will usea methal originally proposedby Filippov (1989.

This methal, recentlyappliedby Gouz andSari (200]) to

PL systemsf the form (1), consistsof exterding a system
of differentialequatios with discontiruousright-handsides
into a systemof differentialinclusions.

Let D be a switchingdomain of order k. Let C' bethe
hyperplaneof dimensiormm — & containirg D. Thebourdary
of D in CisthesetB(D) of all pointsz € C, suchthateach
ball Bo(z,€) in C of centerz andraditse > 0 intersects
both D andC \ D (Kelley 1969. In the casethatD is a
reguatory domain, C' equals.

Now, for every D € A we definethesets

A(D) = {D' € A| D' C B(D)}, and
R(D) = {D' € A | D' regulatay domain D C B(D')}.

A(D) contairs thedomairs in thebowndaryof D, whereas
R(D) contairs the regulatory domairs thathave D in their
bourdary.

In the caseof the regulatay domainD?! in figure 2(a),
we find A(D') = {D?,D®% D7}, while A(D?) = {D"}.
Furthemore,R(D') = {} andR(D?) = {D*, D3}.

The basicideaof the Filippov appoachis to extendthe
differentialequations(1) into differentialinclusions

& € H(x), (6)

whereH : Q — S(0) is aset-aluedfunction.?
Forx € D, andD areguatory domain we define H (x)
simply as
H(z) = {p” - v z}. @)

%For asetE, S(E) representshe power setof E.

Notice that, sincethe set H(x) contans a single element,
theextersionof the PL systemagree with the origind sys-
temin thereguatory domairs. If D is a switchingdomain

H (x) is definedby

H(z) =w({u” -v” z| D' € R(D)}). (8

The smallestclosedconvex setco (E) of asetE is thein-
tersectionof all closedcornvex setscontainirg E (Filippov
198). In the caseof switchingdomans, H (x) will not
gererally besingle-alued.

Let@ = (...,61.“,...)’, K = (...,Iiil,...)l, and’)’ =
(71,---,7n)" benumericd parameteralues. Furthernore,
let z(0) = xo € Q representhe initial corditions. An
absoluely continwousfundion (t) = £(t,0, 2o, 80, K, ) is
asolutionof (6) in the senseof Filippov on [0, 7[, 7 > 0, if
z(0) = xo andfor almostall ¢ € [0, 7] it holdsthatd(t) €
H (x(t)) (Filippov 1983). The qudification ‘for almostall
t € [0,7[ meansthatthe setof time-poirts for which the
cordition doesnotholdis of measur®. For all initial values
xo € ) thereexistsasolutionof (6) on [0, 7[. However, this
solutionis notguaanteedo beunigte.

For every domain D, a so-calledtarget equilibrium set
®(D) canbedefined If D is aregulatay domain then

®(D) = {#(D)}- 9)

If D is aswitchingdomain, thedefinitionis alittle bit more
conplicated.Let D bea switchingdomainof orderk, con-
tainedin then — k-dimersionalhyperplaneC. Then

&(D)=Cneo({p(D") | D' € R(D)}). (10

Thatis, ®(D) is the smallestclosedcorvex setof the tar
get equilibiia of regulatory domains D' having D in their
boundary intersectedvith the hyperplanecontainirg D.

A solutionmayinstantaneosly crossa switchingdoman
or remairs in it for sometime = > 0, sliding alongthe
threslold hyperplare containng the domain Gouz and
Sari(2001L) have shavn thatthelattersliding modesolutions
existin aswitchingdomainD, iff ®(D) # {}. Thesliding
mock solutiors mondonically tendstowards (D) (Gowzé
& Sari200L). Becauseb(D) doesnot geneally includea



singlepoint, the behaior of the systemis not uniquely de-
terminedby thedifferentialinclusion(6).

Considettheexanplesin figure2(b)-(c). Thetargetequi-
librium set®(D?) of the switchingdomainD? is defined,
following (10), by theintersectiorof co({@(D1!), ¢(D?)})
and the threstold hyperplanez, = 6;. The smallest
closedcorvex setconsistsof the linear segmentconneting
the points (kq /vVa, k6/v) and (0, ky/v). ®(D?) andthe
threshdd planez;, = ; do notintersectin the figure, so
®(D?) = {} andall solutiors instantaneosly crossD?2.

This is differentin the caseof D*. Here, the tar
get equilibrium set ®(D*) is given by the intersectionof
co({d(D?),(D®)}), the linear segment conrecting the
points (0, x/7s) and (0, 0), andthe thresholdhyperplane
z, = 0. Consequetly, ®(D*) equals {(0,67)}, andthere
exists a (unique) sliding modesolutionin D*, tendirg to-
wards(0, 6?). Becausehetargetequilibrium liesinside D*,
it is alsoa steadystateof thesystem.Closeranalysiseveals
that the equlibrium (0,6%) is stable. Notice the intuitive
validity of the Filippov apprach: solutionsarriving at D *
from D? or D® slide alongthethreshdd planetowardsthe
equilibrium.

Method for qualitati ve simulation
Qualitati ve constraints on parameters

Most of thetime, precisenumeical valuesfor thethreshold
andrateparanetersin (1) will notbeavailable.Insteadwe
will specifyqualitative corstraintson the parameteralues,

asexplainedin (de Jongetal. 200Lb). Theseconstraits,

having the form of algebréc inequalitiescanusuallybein-

ferredfrom biologcal data.

Thefirst constraintis obtainedby ordeing the p; thresh-
old concetrationsof genei, yielding thethresholdinequal-
ities. In the caseof proteinA, therearetwo thresholdcon-
centratims: § and#?. Assumingthefirst to belower than
the second we obtainthe thresholdineqalities 0 < 0! <
62 < maz,. Theorderirg of the threshdds of protein B
giveriseto 0 < 0} < 67 < mazy.

Second the possibletarget equilibrium levels p? /vP
of z; in different reguatory domains D € A canbe or-
deredwith respecto thethreshdd corcentratios. There-
sulting equilibrium inequdities for z, in the examge are
02 < Kq/va < maz,. Inthe absencef proteinB, while
proteinA hasnotyetreachd its highestlevel, genea is ex-
pressedat aratek,. The correspadingtarge equilibium
valuek, /7, of z, mustbe abore the secondthresholdd?,
otherwisetheconcetrationof the pratein would notbeable
to reachor maintaina level at which the obsered negaive
autorgulation of gere a occus. In a similar way, we set
62 < Ky /vy < mazy, for zy.

A quartitative PL modelof a geneticreguatory network
consistf stateequatins (1) andnumeical parameteval-
uesé, k,~. In aquditative PL mockl, on the otherhand,
the stateequatios aresuppementedby thresholdandequi-
librium inequalities. Every quaritative PL model can be
abstractedhto a unique qualitatve PL mockl, while aquali-
tative PL modelcorrespondso asetof quantitatve PL mod-
els.

Quialitati ve statesand behaviors

An intuitive qualitatve descrigion of the stateof a regu-
latory systemconsistsof the domainin which the system
resides,supplenentedby the position with respectto this
domain of thetargetequilibrium setto which the stateof the
systemtends. A qualitatve behaior is then given by the
sequene of qualitative stategraversedby the system.

We first defineafunctionv : A x Q@ — {—1,0,1}" that
mays adomainD andapoint e to asignvecta r describimy
the relative positionof D ande. If z; is a nonswitching
valiable,then

1 ,ife; >supD;,
ri = 0 ,ifinf D; < e; < supD;,

-1 5 if €; S infDi.
Ontheotherhand,if x; is aswitchingvariable,thenD; =
{67}, and

1, ife; >67
r; = 0 ,ifei:0{,
—1 ,ife <6

Genealizing the definition, we obtainthe setfunction V" :
AxS(Q2) - S({-1,0,1}") thatmapsadomain D andaset
E to asetof signvectors:V (D, E) = {v(D,e) | e € E}.

Letx(t) = £(¢,0, o, 0, K, ~) bethesolutionof aquarii-
tative PL modeldescriling areguatory network onthetime-
intenal [0, 7[. Now supmsethatfor somet, 0 < ¢ < 7, we
have (t) € D, D € A. Thepointz(t) correspondsto a
quditative stateof the systemdefinel by

QS(z,t) = (D,V(D,®(D))).

The solutionz(t) on [0, 7[ passeshrough a sequene of
domainsD?, ..., D™. Thecorrespadingsequeneof qual-
itative stateds calledthe qualitative betavior of the system
onthetime-interval. More specifically a qualitatve beha-
ior of the systemis definedby

QB(x,0,7) = ((D°,V(D°, &(D%))),..., (D™, V(D™ &D™))))

Considerthe solutiontrajectoryin figure 3(a), obtainel
for given exactparaméer values which movesfrom anini-
tial statein D! towardsa stableequilibrium in D*. Follow-
ing theabove definitions,the solutioncanbe abstractednto
the qualitative betavior QB = (QS*, QS?, QS*, Qs%),
whee QS' = (D', {(1,1)}), Q8* = (D*{}), QS° =
(D3,{(0,1)}), and QS* = (D*,{(0,0)}). For reguatory
donrin D', we have &(D') = {(k4/Ya, kb/7s)}. Forthe
paranetervaluesin figure3, wefind /v, > 62 > 6% and
Ko/ > 62 > 6. As aconseqance,V (D', ®(D')) =
{(1,1)}, andhence@S*' = (D', {(1,1)}). In the caseof
the switching domain D2, the smallestclosedconvex set
of the target equilibia in D' and D? consistsof the lin-
earsegmentcomecting(k4 /7a, ©6/vs) and (0, kp/7s). For
the paranetervaluesin figure 3, this sggmentdoesnot in-
tersectwith z, = 6}, sothatV(D? &(D?)) = {} and
QS* = (D?,{}). The otherqualitative statesare derived
analgously
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Figure3: (a) Solutiontrajectoryof the PL mockl (2)-(3), ob-
tainedfor given numericalvaluesfor the paranetersandini-
tial conditians. (b) Transitiongragh resultingfrom asimula-
tion of theexampe systemstartingin thedomainD . Qual-
itative statesassociatedvith regulatorydomairs andswitch-
ing domainsareindicatedby unfilled andfilled dots,respec-
tively. Qualitative statesassociatedvith domainscontairing
anequilibium pointarecircled (deJongetal. 200La).

The examge showvs how a numeical solutionof the sys-
tem canbe abstractednto a qualitatve behaior consisting
of a sequene of qualitative states. More generally every
solution  of a quantitatve PL mockl on a time-inteval
[0, T[ canbe abstractednto a unigue qualitative behaior
@B(z,0,7).

Simulation algorithm

Given a qualitatve PL model and qualitative initial condi-
tions corsisting of a regulatory domain D9, one can ask
what are the possiblequalitative behaviors of the system.
Determinirg thesequalitative behaiors is the aim of qual-
itative simulation Phrasedn a differentway, dending by
X the setof solutionsz(t) on sometime-intenal [0, [ of
all quantitatve PL modelscorresponihg to the qualitative
modé, suchthatz(0) = zo, € D°, theaim of qualitatve
simulationis to find the setof qualitative beraviors thatab-
stractfrom somez € X.

Thesimulationalgorithm geneatesasetof qualitative be-
haviors by recusively determinng transitionsbetweergual-
itative states,startingfrom the qualitative stateassociated
with theinitial domainD® (de Jongetal. 2001a). In order
to achieve this, two issuesneedto be addessedFirst of all,
how canwe deternine the qualitative stateassociatedvith
a domainfrom the constrants on the parametes? Second,
how canwefind thepossibleransitiors from this qualitative
state?

In orde to determire the qualitative stateassociatedvith
adomain D, weneedoderveV (D, ®(D)) fromthethresh-
old andequilibrium inequdities. Thisis achieved by com-
puting V (D, ¥(D)), where¥(D) C  is a hyparectan-
gular, closedcorvex setthatis sureto include ®(D), but
thatmay be anoverappraimation of the latter The details
of the procedire, which consistsof a rathe straighforward
comprisonof the upper andlowertounds of D andeither
the target equilibrium ¢(D) or the target equilibriap(D'),
D' € R(D), depenéhg on whethe D is a reguatory or

switchingdomain aregiven in (deJongetal. 2001a).

The possibletransitiors are definedby two transition
rules The relative position of the domans D and D’ is
given by V(D, D'). As canbe easily verified V (D, D")
alwaysconsistof a singlesignvector thatis, V (D, D') =
{w}. Thedomairs D andD' areassociateavith qualitative
states@S and QS’, calculatedo be (D, V (D, ¥(D))) and
(D', V(D',®(D"))), respectiely.

Rulel Let D' € A(D). Theris atransitionfrom @S to
QS', if (1) V(D,¥(D)) # {}, and(2) if z; is a switch-
ing variable in D’, but notin D, thenthereis somewv €
V(D, ¥(D)), suchthatv; w; = 1.

Rule2 Let D € A(D'). Ther is a transitionfrom QS
to Q9', if (1) V(D',¥(D") # {}, and(2) if z; is a
switchingvaiiable in D, but notin D’, thenthereis some
v' € V(D',¥(D")), suchthatv w; # —1.

Intuitively, the first transitionrule saysthat, in order to
entera switchingdomainD’ in the boundary of D, some
trajectgies musttendtowards D’ (condtion (2)). If D is
aswitchingdoman, thentheremustexist sliding modetra-
jectories in D (cordition (1)). The secondtransitionrule
saysthat, in orderto entera domainD' from a switching
domain D in thebowndaryof D', thetrajectoresin D' must
nottendtowardsD (condtion (2)). If D' is aswitchingdo-
main, thentheremustexist sliding modetrajectoriesn D'
(cordition (1)).

Givenaninitial doman D?, describimg theinitial protein
corcentratios x¢, the simulationalgorithm compues the
initial qualitative state QS°, andthendeterninesall possi-
ble transitiors from Q.S° to successoqualitative statesby
mears of the rulesabove (de Jongetal. 2001a). Thegen-
erationof successostateds repeatd in arecusive manrer.
Thisresultsin adirectedgraph of qualitative statesandtran-
sitions, the statetransitiongraph which contairs all quali-
tative stategeachake from theinitial qualitative state.The
simulationalgoithm hasbeenmplementedn anew versiam
of theprogramGNA (de Jongetal. 2002)(figure 4).

Figure 3(b) shows the transitiongraphfor a qualitative
simulation of the exanple system,startingin the regua-
tory domain D'. Considerthe possibletransitiors from
the quditative stateQS® associateavith regulatay doman
D3 to qualitative statesassociatedvith the bourdary do-
mainsA(D?) = {D?% D* D7, D8 D?}. We have to ver
ify whetherthe corditions (1) and (2) of rule 1 are veli-
fied. V(D3 ®(D?)) is calculatedo be {(0,1)}, by means
of theprocelurein (deJongetal. 200La),while V(D 2, D*)
equals{(0,1)}. With z;, aswitchingvariatle in D*, but not
in D3, we find that (1) and(2) aresatisfied. Consequetly,
thereexistsatransitionfrom QS® to QS*. Transitionsfrom
QS? to the other candidatesuccessostatesare ruled out,
becawsethey violate conditian (2).

Soundhess

Given a qualitatve PL modelandaninitial reguatory do-
main D°, whatcanbe saidabou the correctressof the be-
haviors producedby qualitative simulatior? We demandhat
foreveryx € X, thetransitiongraphcontainsa qualitative
betavior @B, suchthat QB = @QB(x,0, ) (soundhess.
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Theorem1 Thequalitative simulationalgorithmis sound

Prodf sketch Let  beasolutionin X. On|[0, [, z(¢) tra-
versesasequencef domainsD?, ..., D™, wherex, € D°.
Likein theproof of the sourdnessof QSIM (Kuipers1994),
it canbe shovn by indudion that the qualitative behaior
@B(z,0,7) is gereratedby thealgoiithm. Theproof in (de
Jongetal. 200La) restson two propeties of the simulation
algorithm. First of all, the set ¥(D) usedin the previous
sectionis sureto include® (D). Secondthetransitionrules
cover all solutiors leaving a domain D andenteringa do-
mainD’, D' € A(D) orD € A(D"). O

Application
The useof GNA will beillustratedby moceling and sim-
ulating the regulaory network underlying the initiation of
sporuation in B. subtilis While nutrierts are plentiful,
B. subtilis divides as fast as possiblein order to effi-
ciently compete with its neigtbors. However, when con-
ditionsbecane unfavorable the bacteium protectstself by
forming environmenally-resistantspores(Grossmarl995
Hoch199B; Stragier& Losick1996. A graphical repesen-
tation of the network, following the corventions proposed
by Kohn(2001), is shavnin figure5.

Onthebasisof the extersive literatureon B. subtilis and
information contaired in the databaseSubtiList (Moszer
Glaser & Danchin1995, a mockl of the reguatory net-
work contrdling theinitiation of sporulatim hasbeencon-
structed. The mocel of the network comprises9 statevari-
ablesand 2 input variables. The stateequdions are sup-
plemened by 32 threshdd inequalitiesand 34 equilibrium
inequalities.

The network is centeredarourd a phosghorylation path-
way, the so-calledphosplorelay, which integratesa variety
of ervironmentd, cell-cycle, and metabtic signals. Un-
der conditiors appopriatefor sporudation, the phosore-
lay transfersa phosgnateto the Spo®\ reguator via a se-
guerce of phasphoryation stepsmoduated by kinaseand

phasphataseraeins. Thephasphoréay hasbeensimplified
in this paperby ignoting intermedate stepsin thetransferof
phosphateo SpoOA.

When input signalsin favor of sporuldion arrive, the
corcentrationof Spo0A~P reaches threshdd valueabore
whichit activatesvarious geneghatcommitthebacteriunto
spouwulation. In orde to produceacritical level of Spo0A~P,
signalsarriving atthephaosphorelayneedo beamplifiedand
stabilized.Thisis achieved by anumter of positive andneg-
ative feedbak loops contrdling theactiity of thephosino-
relaythrowghtranscriptimal regulationof its components.

GNA hasbeenusedto simulatethe network undetying
theinitiation of sporulatio from initial condtionsreflecting
apertubationof the vegetative growth condtions. The per
turbation corsistsin an exterral signalindicatinga stateof
nutitional deprivation, which causesinA to autoptosphe
rylate.

Simulatian of the network takes a few second to com-
pleteonanaverag PC,andgivesriseto atransitiongraph of
465 states.Eliminating the statescorrespading to switch-
ing domains withou sliding modesolutiors, which are of
limited interestfrom a biologicd pointof view, yieldsare-
ducedtransitiongraphof 82 states All qualitatve behaiors
endup in a single qualitative equilibrium state,associated
with areguatory domaincontainirg a stableequilibrium of
thesystem.

Thequalitative equilibrium statecorrespndsto the spo—
phenotype becausehe concatrationof o ¥, atranscriptio
factorenco@dby the spollAopeaonthatis essentiafor the
development of theforespore (Stragier& Losick 1996, has
not reacled the thresholdabove which it directsthe tran-
scription of its taget genes. Whereasin somequalitative
behaviors the systemdirectly reachs the qualitatve equi-
librium state,in othersit first passeghrowh a period of
transiem sigF expressionwhich canbeinterpretedascorre-
spordingto thespot pherotype.We concludk thatthetran-
sition graphfaithfully represets thetwo possibleresponses
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Figure5: Key gene, prateins,andreguatory interagionsmakirg up the network involvedin B. subtilissporuldion. In orderto
improve thelegibility of thefigure,thecontrolof transcrigion by thesigmafactos o 4 ando™ hasbeenrepresetedimplicitly,

by anndatingthe promder with the sigmafactorin question

to nutriert degetion thatareopen to the cell: eitherit con-
tinuesvegetative growth or it enterssporuation.

Discussion

We have presenteda methal for the qualitatve simula-
tion of geneticreguatory networks describedy a classof
piecavise-linaar (PL) differential equatios. The methodis
an extensio of (de Jonget al. 200Lb), which allows one
to dealwith discontinuties in theright-handsideof the dif-
ferentialequatiors, occasiordby the useof stepfunctions.
The qualitative simulationmethodis suppated by the com-
putertool GNA, which hasbeenusedto analye the net-
work uncerlying the initiation of spordation in B. subtilis
describedn (deJongetal. 2002.

Severalwaysto dealwith thestepfunctiondiscontinities
in (1) havebeerpropsedn theliterature suchasrestricting
theanalysigo aneasy-tehande subclas®f PL mockls(Ed-
wardsetal. 200]) or relaxingthe discortinuousPL mockls
to continuas norinear models(Mestl, Plahte,& Omhdt
1995 Nishida & Doshita1987. The apprach presented
herehasthe advantageof putting norestrictionsontheclass
of geneticregulatory networks that can be handlel, while
explicitly definingthe behavior of the systemin thethresh-
old planesby mears of simple-teanalyzePL modds. Ona
formal level, thegenealizedlogical metha of Thomasand
colleages (Thomas, Thieffry, & Kaufman199§ is related
to themethodpresetedhere.For asubclas®f thePL mod-
els (1), the logicd methal canidentify equilibrium points
in thethreshdd hypeplanes(Snowssi& Thoma 1998), but
a geneal way to dealwith the discontinuties is currently
missing.

PL mockls of the form (1) canbe interpretedas repre-
sentinga classof hybrid systemgGhosh& Tomlin 2001,

Alur etal. 2001), consistingof modesin which the system
evolvesin acontinousway anddiscreteransitiors between
themodescontrolledby a switchinglogic. GhoshandTom-

lin give a hyhrid-systemformalizatian of geneticreguatory

networks describedy (1), but do not dealwith the discon

tinuity problens discussedn this paper In order to hande

discorinuities entailedby mock transitions hybrid-system
simulationmethals basedon Filippov solutionshave been
developedMostermanZhaq & Biswas199). Thesemeth-
odsaresuitablefor (semi-)qantitative, but not for qualita-
tive PL models.

Thequalitatve simulationmethoddiscussedh this pager
apgies to PL modelsof the form (1), which are apgica-
blein arangeof domairs. In additionto geneticnetworks,
they have beenusedfor mockling food webs, neuralnet-
works, and biological computers. However, the ideasun-
derlying thegenealizationof themetha seenmorewidely
appicablein quditative reasonig, especiallywhennonlin-
ear functiors are appoximatedby piecavise-linearfunc-
tions (e.g,, (Nishida& Doshital9%; Sacks1990Q). This
maygiveriseto discorinuitiesonthebourdariesseparatig
theregionswherethe systembehaes linearly, asfor the PL
mockls describedn this paper The methals for the anal-
ysis of piecavise-linear systemscited abore arenot ableto
dealwith the probdlems occasioed by sliding moces (fig-
ure2(a)). Thesameholdsfor generalqualitative simulation
methals like QSIM (Kuipeis 199%). The extensionof the
Filippov appoachto otherclasse®f piecevise-lineardiffer-
ential equatios, or evento norlinear differentialequatias
in geneal, leadsto a hostof difficult but interestingresearch
prablems.

A simulationstudyusingrancmly-generatedPL models
of geneic regulatay networks, carriedout with a previous



versionof the simulationmethod hasshowvn thatlarge and
compex networks canbe handed (de Jong& Page2000.
As would be expected,the genealized metha presented
in this paperproducestransitiongrapls that are consider
ably largerthanbefore. In additionto qualitatve statesas-
sociatedwith regulata’y domairs, we now alsodistinguish
gualitatve statesassociatedavith switchingdomairs. How-
ever, qualitative statescorrespondiig to switchingdomairs
without sliding mode solutionscanbe ignored and hence
eliminatedfrom the transitiongraph Qualitatve simula-
tion of the sporulation network leadsto a transitiongraph
with 465 statespnly 82 of which areassociatedvith regu-
latory domairs or switchingdonmainswith sliding modeso-
lutions. Furtherwork shoud establishwhetherthe upscala-
bility propertyis retainednoregeneally.

Thesourdnessf the qualitative simulationmethodguar
anteeghatno solutionof aquantitatve PL mockl consistent
with the qualitative PL modelis omitted In fact, to each
suchsolutiontherecorrespadsa qualitative behaior in the
transitiongraph Thesourdnessof the simulationalgoithm
is critical for future extersionsof themethodtowardsmodé
validation andmodeldiscrimiration.
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